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Abstract: The Pareto—Feller distribution has been widely used across various disciplines to model
“heavy-tailed” phenomena, where extreme events such as high incomes or large losses are of interest.
In this paper, we present a new bivariate distribution based on the Appell hypergeometric function
with marginal Pareto-Feller distributions obtained from two independent gamma random variables.
The proposed distribution has the beta prime marginal distributions as special case, which were
obtained using a Kibble-type bivariate gamma distribution, and the stochastic representation was
obtained by the quotient of a scale mixture of two gamma random variables. This result can be viewed
as a generalization of the standard bivariate beta I (or inverted bivariate beta distribution). Moreover,
the obtained bivariate density is based on two confluent hypergeometric functions. Then, we derive
the probability distribution function, the cumulative distribution function, the moment-generating
function, the characteristic function, the approximated differential entropy, and the approximated
mutual information index. Based on numerical examples, the exact and approximated expressions
are shown.

Keywords: generalized gamma distribution; beta prime marginal distributions; generalized hyperge-
ometric function; moment generation function; entropy

MSC: 60E05; 62H10; 33C65

1. Introduction

The Pareto distribution has been a key tool in economics and for modeling wealth
distribution, as well as in other areas like insurance and finance, where capturing extreme
events is crucial [1]. However, real-world data often exhibit more complex structures than
those described by the classical Pareto distribution [2]. In this context, Feller (1971) [3]
proposed an extension called the Pareto—Feller distribution which includes an additional
shape parameter, allowing the distribution to better fit a wider range of phenomena with
thicker or heavy tails as needed [1].

The Pareto-Feller distribution has been widely used across various disciplines to
model “heavy-tailed” phenomena, where extreme events such as high incomes or large
losses are of interest. The Pareto—Feller distribution emerged from the need for a distribu-
tion that offers greater flexibility in data modeling by introducing an additional parameter
to control the tail shape and skewness, thus providing a more accurate description of em-
pirical data compared with the standard Pareto distribution [2]. This distribution has found

Axioms 2024, 13, 701. https://doi.org/10.3390/axioms13100701

https:/ /www.mdpi.com/journal/axioms


https://doi.org/10.3390/axioms13100701
https://doi.org/10.3390/axioms13100701
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/axioms
https://www.mdpi.com
https://orcid.org/0000-0001-7241-3099
https://orcid.org/0000-0001-8384-840X
https://orcid.org/0009-0005-3867-6262
https://orcid.org/0000-0003-1172-5456
https://doi.org/10.3390/axioms13100701
https://www.mdpi.com/journal/axioms
https://www.mdpi.com/article/10.3390/axioms13100701?type=check_update&version=1

Axioms 2024, 13, 701

20f17

applications in various fields such as risk theory, river flow modeling, and natural disaster
analysis due to its ability to represent both heavy tails and asymmetric distributions. The
additional flexibility provided by this distribution is especially valuable in situations where
conventional distributions, like the classical Pareto distribution, fail to capture the observed
variability and extreme behavior in the data. Notable variants include Pareto type I, used
in wealth analysis [1], the generalized Pareto distribution for modeling extreme events [4],
and the Lomax or Pareto type II distribution, which is applied in survival analysis [5]. Other
important variants are Pareto type IV, which offers greater flexibility in tail shapes [6], and
the truncated Pareto distribution, which is used in scenarios with physical upper limits [7].
Additionally, the log-logistic distribution, which is employed in contexts similar to the
Pareto distribution but with greater flexibility in the tails, is used in survival analysis and
system failure studies [8].

The Pareto—Feller distribution can be constructed as a location-scale transformation of
the ratio of two independent gamma-distributed random variables. This method allows
the distribution to capture a wide range of tail behaviors and offers flexibility in modeling
heavy-tailed phenomena. The use of gamma distributions for generating such models
is well documented in the statistical literature. Specifically, more flexible models can
be obtained through an appropriate transformation of a bivariate gamma distribution
or independent copies of it. This approach is appealing because the correlation of the
transformed bivariate gamma distribution is directly tied to the correlation of the original
bivariate gamma distribution. Such constructions are commonly used in spatial data
modeling. Examples include ¢ —distributed spatial models [9], Weibull spatial models [10],
and Poisson spatial models [11]. On the other hand, Kotz et al. (2004) [12] described similar
methods for transforming distributions via ratios of gamma variables which are widely
applicable in reliability and survival analysis contexts [12].

Since the construction of the Pareto—Feller distribution is related to the gamma dis-
tribution, it is necessary to first define the bivariate gamma distribution to develop the
bivariate case of the Pareto—Feller distribution. Thus, we start by defining a sequence of
independent normal random variables and show how these lead to a gamma distribution
as follows. Let Zy, i = 1,...,v with v > 2 be a sequence of independent standardized
normal random variables whose correlation function is given by Corr(Zy, Zi) = p,i # j,
and let

v ZZ]{
We=) —=, a>0, k=12 (1)
Lo
Then, Wy is a random variable with a gamma marginal distribution (i.e., Wy ~ Gamma(v/2,a/2),
where v/2 represents the shape parameter and «/2 represents the rate parameter), with the
probability density function (pdf) being given by

DCV/Z /21 /2
_ v/2—1 —aw
fw, = 220 /2) wy/ 2 lemewe/2)

where E[W,] = v/a and Var(W;) = 2v/a? [10].

The construction of a bivariate Pareto—Feller distribution is derived from the ratio
of two bivariate gamma distributions as shown in Section 2. We consider the bivariate
vector W = (W;,W,) T, where the stochastic representation of Wy, k = 1,2 is given in
Equation (1). Vere-Jones [13] showed that the distribution of W has a correlated bivariate
gamma distribution with the parameters v > 0 and y > 0, while the pdf is given by

(wq +wy)
2

_ 1-v/2
27y (wywp)Y/? e 2007 (7\/p2w1wZ> Iy 1(%) )
= v/2— 1— ’

T(3)(1—p?)"/2 2(1-p?) (1-0?)

where I, (-) is the usual modified Bessel function of the y-order of the first kind. Gamma
variables can be used as building blocks for the construction of flexible non-Gaussian vari-
ables. Henceforth, we will call W a gamma random vector with an underlying correlation
p [14,15] such that the correlation of the gamma bivariate is pw = p?. Moreover, when

fw(w)
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p = 0, Equation (2) can be written as the product of two independent gamma random
variables (i.e., Wy ~ Gamma(v/2,a/2), k = 1,2). Thus, zero pairwise correlation implies
pairwise independence, as in the Gaussian case. The pdf fy was first discussed in [16], and
its properties were studied in [17,18].

The bivariate Pareto—Feller distribution represents a less commonly discussed extension
in the statistical literature. It builds upon the principles established by the univariate Pareto
distribution. The authors of [19] addressed extreme value distributions and included dis-
cussions which may be relevant to bivariate generalizations. Additionally, the authors
of [20] provided further insights into bivariate distributions, enriching the understanding
of Pareto—Feller distributions. These references offer both theoretical and practical frame-
works for researching and applying Pareto—Feller distributions in bivariate contexts. The
latter works motivated this paper, which presented a bivariate Pareto—Feller distribution
built from an Appell hypergeometric function.

This paper is organized as follows. Section 2 presents the bivariate Pareto—Feller
distribution. In particular, the pdf, cumulative distribution function (cdf), joint moment-
generating function (mgf), characteristic functions, cross-product moment function, mean,
variance, covariance, and correlation function are presented. In Section 3, some approxi-
mations of the differential entropy and, consequently, the mutual information index are
presented. Finally, some discussions and conclusions are presented in Section 4. All simula-
tions included special hypergeometric functions such as the Appell hypergeometric one,
and all were implemented in R 4.4.1. software [21] using the zipfR and hypergeo packages.
All proofs of theorems and propositions can be found in the Appendix A.

2. Bivariate Pareto-Feller Distribution

Let us define a random variable V with support on the positive real line, defined as a
scale mixture of two gamma random variables:

W
V=—

o ©)
where W ~ Gamma(a/2,1), « > 0and R ~ Gamma(v/2,1),v > 0. Then, V is a random
variable with a marginal distribution of the beta I type or beta prime [12,22] and denoted
by V ~ Be'(v/2,a/2), with the pdf given by

fV(U) = WUV/Zl (U 4 1),(V+“)/2'

The beta prime distribution is anchored to a shape parameter of the gamma distributions.
This construction was previously proposed in [23-25].

Based on the stochastic representation in Equation (3), we consider the bivariate vector
of V= (V;,V5) T, where

, i=1,2; (4)

Here, W = (W;,W,)" and R = (R, R;) " are two correlated bivariate gamma dis-
tributions with correlations pyy = pr = p?, where W; ~ Gamma(a/2,1), « > 0 and
R; ~ Gamma(v/2,1),v>0,R; L W;, Vi, j,i,j =1,2. Thus, V; ~ Be'(v/2,a/2),i=1,2.

A new bivariate distribution with a beta prime marginal distribution obtained from
the Kibble-type bivariate gamma distribution given in Equation (2) is presented in the
following theorem. This result can be viewed as a generalization of the standard bivariate
beta I distribution (or inverted bivariate beta distribution) [26].

Theorem 1. Let W and R be two independent gamma random variables, and let V.= WR™1,
Then, the pdf of V.= (V1, V)T € Ry x Ry is given by
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fvlv) =

where Fy is an Appell hypergeometric function of the fourth kind, defined as

b k
Fy(a,b;c,c;w,z) = ZZ Dicsm (b)icem 2" ;o Ww|+ vz < 1

ktm! () (¢ )m

The special functions F; and the Gaussian hypergeometric function ,F; are related
through the identity

k
Fy(a,b;e,c;w,z) =) z 2Fi(a+kb+kcw), |Vw|l+|vzl <1

where (a); := I'(a +k)/T'(a), for which k € INU {0} is the Pochhammer symbol. The
Gaussian hypergeometric function is a special case of more general power series, where
the generalized hypergeometric function is defined for p,g = 0,1,2,... as

k

i ﬂl kr a2 /(ap)kx
= (b1)k, bz) - (bg)x K!

pFylay,az, ..., ap;b1,bo,. ..

When p = 0, the pdf in Theorem 1 involves the product of two independent beta prime
random variables Be' ~ (v/2,a/2).
We now consider a new random variable Y, defined as

Yi=p+ 2V, ©6)

1

_ r(+i)r(s-3) - able i
where Y > u > 0,¢c = OO g > 0, and p > 0. This random variable is a
2)I(z2
marginal Pareto—Feller distribution. Specifically, using the notation of [20], we marginally
have Y ~ PF(u,q/c,1/p,v/2,a/2) with a density defined by

N

(o) (ely=\ P2 s
fr(y) = q( d V) x )
T(5)r(5)

2 2

and a mean and variance given by

qz[f(m)f(%—z) _1],

T (54 3)r(
respectively, with ap > 4 [3].

The Pareto-Feller distribution includes as special cases different types of Pareto ran-
dom variables definitions (type I, II, III, and IV; see [20]) and the so-called beta prime one.
If we consider y = 0, then Y ~ PF(0,q/c,1/p,v/2,a/2),and Y = (Y1, Yz)T is a random
vector with a marginal Pareto-Feller distribution. A new bivariate distribution based on
marginal Pareto-Feller distributions is presented in the following theorem.

Var(Y)

NS
N|R
S =
N———

Theorem 2. Let Y = (Y1, Y2) ", where Y; := 1 V ,i=1,2. The pdf of Y is given by
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The pdf in Theorem 2 considers an Appell hypergeometric function F;. We can write
this as a series of hypergeometric functions > F;.

Figure 1 illustrates the pdf of Equation (7) for some parameters. When p increases, the
largest values of y; and y; in the pdf are produced. However, these values depend on the
other parameters. Independent of the p value, the pdf is close at the origin (y1,y2) =~ (0,0)
with a positive bias, and it decays exponentially for the smallest values (v = 4, « = 4,
g1 =4,q20 =4, and p = 4). When p = 09 and v,a = 8 or 12, for example, the pdf has
more symmetry and variability but less bias. Note that the pdf of ¥, given in Equation (5),
is symmetric for negative values of p. Specifically, the same representations hold for
p = —0.25,-0.5, —0.9 from Figure 1 while keeping the other parameters fixed.

Theorem 3. The joint cdf of Y = (Y1,Y2) " in Equation (7) can be expressed as

(Y1 <t,Y2<t) =

+a)2 2k+2 k
(%)Hmp am (c2t1t2>”
q192

P
><2F1<V+“+k—|—m +k - +k+1—(f;1))

2 "2 1
v+a v v ctr \ P
F LAy e L-(2)).
X2 1( o Thktm stk +k+1; (lh)) (8)

Proposition 1. The joint mgf and characteristic functions of Y = (Y1,Y») " given in Equation (7) are

(PP 2 (v4a)

My (¢ _ N2 2
(a) My(t1,t2) 1’2(%)1“2(%)(1 _pZ)f(eroc)/Z

@ 2 () (5 )k ot (2 (pv/2+pk—1)
L L (@), () P /)

k=0m
X[1<q>pv/2+k T(v/24 k) (k+m+ ((v+a)/2)]?
p\c I'(m+ ((v+a)/2)+v/2)
()21 () -1
Sl ©)
with t < 0and
G ()
(b) ¢Y(t1/t2) = FZ(%)rzq(%q) 1_p2)7(v+“)/2
(HTa)k—i- (V;a)k+m 4km(

Z/q 0 ) (pv/2+pk—1)

m
k=0 m=0 5)(5),,ktm!
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X{1<q>pW/zw>r@vz-%kﬂxk4-m-+(@w+a)/z)2

prce T(m+ ((v+a)/2) +v/2)
()2 =1 (i)? -1
X{ (it1)? H (i) ] (10)
p =025 p =075 p =090

v=a=12
qlzl]2:35 - » »
p=2 . o2 0s

Figure 1. Bivariate pdf of Equation (7) for some parameter combinations.
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Proposition 2. The cross-product moment of Y = (Y1,Y2) " in Equation (7) can be expressed as

E[iv;] =

a _bv oo ba o
X2F1< Er EIZIP )Zpl(p/ p/zlp > (11)

Proposition 2 illustrates that the cross-product moment is the product of two Gaussian
hypergeometric functions. Corollary 1 is straightforward from Proposition 2, where the
expected value and variance of a marginal Pareto—Feller random variable Y} are presented
as well as the covariance and correlation between two marginal Pareto-Feller random
variables (Y7 and Y53).

Corollary 1. If Y = (Y1,Y2) ", then it has a pdf according to Equation (7). According to
Proposition 2, we have the following:

1. E[Y]=gq, i=12

ST CA) L G Y P _
2. Var(Y;) =gq; [cr(gflp)r(gp;) 1| ifap >4 for i=1,2.
3.

Cov(Y1,Ys) = inF(g—;)r(g_%)r( *
2

v
2
(5)T%(5
Lo lvo o\ p (Ll
X2F1< p/ p/ 2/p )2F1<p/ p/ le > (12)

1 1 v 11«
X|2F | —=,—=; = 2) F (,,‘; 2) —1]. 13
[2 1( ' p2 p° |2h D2 1Y (13)

Figure 2 shows the correlation py for some density parameters. When v and « increase,
py increases. More specifically, when p increases, the correlation py increases with small-to-
large values of v and «. When p increases, py increases, as does its maximum value (from
0.05 to 0.80). Nevertheless, Corollary 1(4) illustrates that the correlation py does not depend
on either g or c.
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p =025 p=075 p =090

1.0
0.9

p= 4 0.9
& 0.8
s 0.8
= 0.7
0.7
. 0.6
1.0
G2l 0.9

p=38
© 0.9

3

~ 0.8
o~ 0.8
1.0
© 0.9

p=12

Figure 2. Correlation py of Corollary 1(4) for some parameter combinations.

3. Differential Entropy and Mutual Information Index

The differential entropy of Y is an information uncertainty measure [27]. The differen-
tial entropy of Y = (Y1, Y2) " with a pdf fy(y) is

HY) = ~Eyllog{fx(¥V)}]
= [ [ Ayios Ay)andye, (149

and measures the contained information in Y based on its pdf’s parameters.
On the other hand, the mutual information index (MII) [28] between Y7 and Y, under
a dependence assumption (o # 0) is

<los it )

R fy(1, y2)
/o /o fY(yLyz)lOg{W}dyldyz- (15)

Proposition 3 ([29]). LetY; ~ PF(u,qi/c,1/p,v/2,a/2). The entropy of Y; (i = 1,2) is

(55 &) -]+ (5 b (757) -+ (0]

M(Y)
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dlogT(x)
dx

where (X)) = is the digamma function.

Proposition 4 ([30]). Let x = u/n. We have that
log (1+x) =x+0(n?),
asn — oo.

Proposition 5. If Y = (Y1,Y>) " has the pdf given in Equation (7), then the following are true:
T(5+1)T(5-1)
Ey[Y/] =12 002
@ B =)

0 00 v I3 mp2k+2m P
(b) Ey[log(Y;)] = W}(g ZO%{QU(%-FIC) —l,b(%-l—m) —log(é) }
Proposition 6. An approximation of the differential entropy of Y = (Y1,Y2) " is

T (5)
~ 1192
H(Y) ~ log 1“2(%)1”2(%)(1 _pz)—(v+a)/2

+ (1 — pz—v) {log<qcz > + Ey[log Y1] + Ey[log Yz]}

p(vta) [Ex[Y]  Ey[Y]]
+c > 7 T 7 ,
T 72

where By[Y!] and Ey[log Y;], i = 1,2 are obtained from parts (a) and (b) of Proposition 5,
respectively.

From Equation (15), an MII between Y; and Y is expressed in terms of the marginal and
joint differential entropies [28,31]. Then, using Propositions 3 and 6, the MII between Y; and
Y, can be approximated as follows:

M) = HWN)+

%

ZIOgl

—log(g9192) + log [ o

(1-2 { ( ¢ >+]Ey[log Y1) + Ey[log Yz]}
){ YV]}+<;29_“> v(3)-*(3)]
+(v+a) {w(”?‘) lﬁ(g)]

One particular case is when p = 1. Thus, using Corollary 1(1), we have
v c? I2(Le)
M) =~ (145 )log(— ) +2log| —2=
¥ ( 2) Og(thqz) Ogl r2(3)
v4a » a v
‘(z )“’g(l‘P>+<2—“>[‘/’(z)‘¢(zﬂ
v+ v
+1/+1x)[1,b< 7 )w(z)c}

(
— (1= 3){Exllog ¥i] + Exllog Ya]}. (16)
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Figure 3 illustrates the behavior of the approximated MII obtained in Equation (16)
while assuming several values for Y and p = 1. We observed that M(Y) > 0 and increased
for g; — 0. As in the correlation function case (Figure 2), the MII increased when the
correlation parameter p increased.

a) b)

®

9z

o
92

3

IN

N

Y 9

Figure 3. Approximated mutual information index of Pareto-Feller distribution assuming p = 1,
«=5v=4(a)p =025 and (b) p = 0.75.

4. Concluding Remarks

We presented a representation of the Pareto-Feller distribution with a scale mixture
of two gamma random variables. The respective stochastic representation was obtained
by the quotient of a scale mixture of two gamma random variables. Then, the resulting
bivariate density considered the products of two confluent hypergeometric functions. In
particular, the probability distribution function, cumulative distribution function, moment
generation function, covariance function, correlation function, cross-product moments,
and approximations for the differential entropy and, as a consequence, the mutual in-
formation index were derived. Some numerical examples illustrated the behavior of the
provided expressions.

Some inferential aspects can be addressed in a future work, such as (1) a numerical
approach for optimization of the log-likelihood function; (2) the pseudo-likelihood method,
considering the optimization of an objective function which depends on a bivariate pdf;
(3) the model’s identifiability; (4) a Bayesian approach; and (5) an extention to the multivari-
ate case. We also encourage researching the consideration of a Pareto—Feller distribution in
modeling nonnegative bivariate data.
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Appendix A
Proof of Theorem 1. Following [10], note that the bivariate distribution of the gamma

random vector can be rewritten in terms of the hypergeometric function using the identity
[(b)x1-0/21,_;(2,/x), given by

I ”'22) )

(1-02) 5 0*hyhy

= ——s Al
(317 o

oFi(Gbx) =
_ (mhp)®/* e
fH(h) - 1"2(%) (1 _ p2)§/2 0

Under the transformations wy = v1r; and wy = vyr, in Equation (A1) with the Jacobian
J((w1,wp) — (v1,v2)) = 1112, and by using series expansion of the hypergeometric function

oF1, we have

NV = [ fwrlwle) fr ()

(0gry+oorp)
1-%) ¢

B / (vlvz)v/z—l(rlrz)(v+a)/2—1e
. P2(5)r2(5) (1 - p2)0 3072

%
2
v p 01027117 g o rira
X‘)Fl(z -2 >°F1(2'<1—p2>2>dr

(n +1)r1

(v2+1)V2
(1-p2)

)(v+zx)/2 1o (-2

R [ (o) (e e
o ZZ/ 112% %1( )u+u¢/2kvm|()()

k=0 711:0]R2+
pz(mh)vlvzrlrz k p2r1r2 mdr
(1-p?)? (1-p?)?
v/2-1

X

_ (v102)
B FZ(%)F ( )(1*P )(v+tx)/2
S ) PZUlUZ ¢ P2 "
L L o, () () - @

where, using Fubini’s theorem and Equation (3.381.4) in [32], we obtain
(v1+1)rg _ (vp+1)ry
dr / rév+0l)/2+k+mfle (1-p2) drz

I(k,m) = / prr kL T s
R, R,
vAE gt UHE Lkt
(VR ) [AZe] T A T
2 v1+1 vy +1

In addition, by combining Equations (A3) and (A2), we obtain

(Ulvﬁ”/z’lﬂ(#)[(vl+1>(vz+1>] (v+a)/2

fVlz(Vu) = ( ) (%) )f(v+oc)/2
- (%)i 920102 ‘ P2 "
Xlg(')n;ok!m!(g)k(g)m((Ul+1)(v2+1)> ((Ul+1)(02+1)>
o (010) 2T () [(01 + 1) (o 4 1)) V72
) T2(5)12(3)(1 - p7) (5072
vta vta ' 0?0102 02 )
v1+1)(v2+1) (07 +1)(v2 +1)

vV o
E s
><4(2’2’2’2(
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Proof of Theorem 2. Under the transformations v1 = (y1/¢q1)P and v, = (y2/42)" in

Equation (5) with a Jacobian [((v1;v2) — (y1;v2)) = (p/9)*(y1y2/(9192))P !, the pdf of Y
is given by Equation (7). O

Proof of Theorem 3. Using series expansion of the Appell hypergeometric function,
we obtain

Fy(Y1 <t1,Ys < ty)

- I‘f(ZC;;(Zq(lqiz W/:;)z((i))/z O/tlo/tz(ylyz)pv/z_l [((qully + 1) ((C;;y + 1)} —(‘é‘”

2

V4a v4a P2 (y1y2)P (q192) 7
X F4 oy

S ) ) ) @)

(v+0)

- rf(zgvrzq(g)zzlpvmlj((;c /2// )" 1[(<Cq}/11)p+1><<2y22>”+1” 2
(

o = ()
X m
ngmZ::o kim! %)k(%)m
k m
2/ 2 - 2
p-(c“yay2)P (q192) P
an\? an\? ey \P AU dy
((5) ) () +1) ) L) +)((5) +1)
L e WS NG < O "
T2(5)12(5) (1 —p2)~va/2 = = kimt(3) (%), (9192)"

Letz; = y’f and z, = y} be transformations in Equation (A4), where 0 < z; < tf, i=1,2.
Using Fubini’s theorem and Equation (3.1941.1) in [32], we obtain

#

! p — (45 +ktm)
o = (]

0
t;’ va
P — (4% +ktm)
X /zg/2+k_1 K;) zy + 1] dzy
2

0

(tltz)PV/2+Pk <V+0( (Ct])p)
= F k k-+k+1,—| —
pZ(V/ZJrk)Zz 1 5 +k+m -I- —l— + p

p
2F1<V+ Yk+m +k;v+k+1;—(CtZ> ) (A5)
2772 q2

In addition, by combining Equations (A4) and (A5), we obtain Equation (8). O

Proof of Proposition 1. For part (a), by using the definition of the mgf and series expansion
of the Appell hypergeometric function, we obtain

My (t,t2)
pPet” (q1g2) V2T (454)
1"2(%)1"2(%) (1 _ pZ)f(vﬂx)/Z

femmr e () ) () )
q1 q2

2
R+




Axioms 2024, 13, 701 13 of 17

k m
| P Cy) (1g2) " P’ dy
() () 1)) G ) (%) +)
P (g1

+
o o (58)k 0" Ikm) ¢ 22 \F
XY ) ( ,,) . (A6)

Q
=
<
=
—_
~—
=
=
~
N
—
N
—~
<
+
=
~—

Using Fubini’s theorem in Equation (A6), we obtain

© . c P - ( (U;'X) +k+m>
I(k,m) = /0 etlylygpv/z)ﬂ’ l{(”) +1} dyy

q1
o ) - p — (5 )
></O etzyzyép /2)+pk 1[(‘3/;) +1} dy
_ [1(q)ﬁ(v/2+k)l"(v/2+k)l"(k+m+((1/+1x)/2)} {e(tm)_w "
p\c I(m+ ((v+wa)/2)+v/2) (t1)2 -
" [1 (g)ﬁ(v/2+k)r(v/2+k)F(k+m+((v+o¢)/2)} [e(fzyz) _1} yo=
p\c IF(m+ ((v+a)/2)+v/2) (t2)2 S
_ [1g\pw2HT(w/24+ KT (k+m+ (v+a)/2) 2] 1 ][, 1
- @ (e (el el el o
Note that if f(y) = e'¥i and
—(k+m+(v+a)/2)
s) = P (£ 1] 4y

then we can apply integration by substitution for [;° f(y)g(y)dy. With the change in
variables u; = e'i¥i = du; = t;e'¥i, and by letting

B N —(k+m+(v+a)/2)
o = ) 2 () (g 1] ,

then v; = fooo dv;, where Equation (3.241.4.11) in [32] was used with t; < 0,i = 1,2. By
combining Equations (A6) and (A7), we obtain

(epP 2 (v

_ 9192 2
MY(tlftZ) - rz(%)rz(g)(l_pz)—(v—&-a)ﬂ

© (), (V+a)k+m i (pv/24pk—1)
xY Yy (2/q192) PV/HP

—om=o (3 )(%)
(v

q p(v/2+k T
c)

)

t

2

I'(m+ ((v+a)/2)+v/2)
2_1 _(t2>2
1)* ] { (t2)* }

For part (b), and by following the proof of part (a), the proof of the characteristic
function of Y is straightforward. [

/24T (k+m+ ((v+a)/2)
(m+
-1
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Proof of Proposition 2. By the definition of cross-product moment, and using series ex-
pansion of the Appell hypergeometric function of the fourth kind, we obtain

E(Y{Y3)
PP (q1g2) /AT (45)
1’2( )FZ( )( pZ)—(v+a)/2
(v+a)

/ylpv/2+a—1y§1//2+b—1 {((%)p—k‘l) ((%)p_"_l)}_T
Rz 1 1

T

v e ylyz)p(%ﬂiz);p / , 4 , dy
) () ) () ) () )
pAcP (quq2) “PV/PTR ()

R () (1) 007

/yfv/Z-‘ra 1]/§V/2+h 1{((%)P+1)((%>P+1):|*T
7 q2
R
(%) 5
=0

< L L (D),

k=0m=0

Ey

v4+a v+
272

k m
( Cylyz P(q192)"°F 2 dy
CcY1 Y2 Y2 4
) () 1)) L) ) (%) +)
p va 171‘72 pv/2r2(v+tx) ) % k+m‘0 I(k m)( Cprz )k
, A8
RO 0 02 o (3,08, @y (48

Using Fubini’s theorem and Equation (3.241.411) from [32] in Equation (A8), we obtain

po g (Mgt kdm)
I(k,m) = /yiiv/2+a+lﬂkl|:<cyl) +1] dy,

1
R, 1

p — (Y& k)
/ pu/2+b+pk—1 KCqm) n 1} s
2

SN——

\\Mz

R,
P4+ 8 +K)T(5—2+m)T(4+L+K)r(5—L+m)

N (‘Ll) B ta+pk (5]2) L +b+pk‘ (A9)

c C

By combining Equations (A8) and (A9), we obtain

sopgy - S rls— s}
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Finally, using a Euler transformation, we have Equation (11). O

Proof of Proposition 5. For part (a), we have

Bty = P ()
O e
o oo (vEx)2  dmpck 2p,2 \
>33 ( z|)k|+nU1P a( fm)<c Pp) , (A10)
o= Kmi(5)(5),. (qiq;)

By using Fubini’s theorem and Equation (3.241.411) from [32] in Equation (A10), we obtain

NP (k)
1em = [ yf”/””“p_l{(%) +1} dy;

AP —(m+k+m)
X/yfv/2+pk1[<%> +1 d]/j
Ry 9
T(4+k+1)T(%+m—1)T(5+K)T(%+m) (@>%+pk+p g5\ 2 (AT
B pPr2 (45" 4k +m) c ¢ '

By combining Equations (A10) and (A11), we obtain

grG+riE -1

Ey(Y)) =
T arprpa - T
SRS (%+1)k(%>k(%_1)m(%>m 2(k+m)
X p
LE (3,0,
Pr(v 4
gr(s+1)r(5-1) a X
_= F 1 Vi F ~ 1 7
T()0(8)(1— )32 <2+ 2’ 2 P )2 1(2 2'2 ‘0)
Using the identity > F; (4, b; b; x) = (1 — x)~“ in the last equality, we obtain
nNr(s -1
E (Yip)_ q ( +v) (024 )
T (3)T(3)
For part (b), we have
logy) — P ) r(5)
O T O R
© o vta 2 2”11 k 2p 2 k
xy ) ( 2')k‘+n;p a( fm><c PP) , (A12)
iZom=o  Kmi(5)(5),, (i)

Using Fubini’s theorem and Equation (3.241.411) from [32] in Equation (A12), we obtain

mompt [ /ey \P 7~ (5t HkEm)
/log vyl Ky) +1] dy;

qi

P
/ypv/2+pk 1 (C%) 11
qj

_r (2 + k)T (5 +m)) (qz’)’%pk(%) B pk

P2 (Y% +k+m) \c c

I(k,m)

7(%+k+m)
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<[o(s+8) - v (5+m)-10s(£) (A13)

By combining Equations (A12) and (A13), we obtain

1
Ey(logY;) = (1= p2)— )72
0 oo (VU &mp2k+2m P
B L R (oG v o) () )
O

Proof of Proposition 6. In evaluating the density of Theorem 2 in Equation (14), we have

H(Y)
(CP)ZFZ(#) pv c?
=—1lo KR — (-1 {10 <>+E log Y1] + Ey[lo Y]
&2 (5)T2(%) (1 — p2)~(v+a)/2 (2 ) & 0192 y[log Y] + Ey[log Y3

_|_
7 N
<
N+
=2
N———
—N
&
>3
—
o
aQ
7~ N
/N
=<

) el ((G) )]

viba vha v e o) (@) " P
2 () () ) () () )
By assuming in the last Appell hypergeometric function that its sum converges at the

first term (i.e., when k = m = 0) [14], we have that Ey[log F4(-)] ~ 0. Aside from this,
considering Proposition 4, we have that

Ey [log <(C;>p+1ﬂ ~ (;j)pEy[Yi”], i=1,2.

Then, the differential entropy of Y can be approximated by

2

2 ~ ] 7192 2
( ) ] r2(%)1“2(%)(1_p2) (v4a)/2

-

) {log<qcz > + Ey[log Yi] + Eyllog Y3]

pv

2

( >{EY Y”]+EY[VYZ”]}.
72

This concludes the proof. [
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