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Abstract: The weighted flexible Weibull distribution focuses on its unique point of flaunting
a bathtub-shaped hazard rate, characterized by an initial increase followed by a drop over
time. This property plays a major role in reliability analysis. In this paper, this distribution
and its main properties are examined, and the parameters are estimated using several
estimation methods. In addition, a simulation study is done for different sample sizes.
The performance of the proposed model is illustrated through two real-world applications:
component failure times and COVID-19 mortality. Moreover, the value-at-risk (VaR), tail
value-at-risk (TVaR), peaks over a random threshold VaR (PORT-VaR), the mean of order P
(MOP[P]) analysis, and optimal order of P due to the true mean value can help identify and
characterize critical events or outliers in failure events and COVID-19 death data across
different counties. Finally, the PORT-VaR estimators are provided under a risk analysis for
both applications.

Keywords: flexible Weibull; COVID-19; mean of order P; true mean value; peaks over a
random threshold for value-at-risk estimation; risk analysis

1. Introduction
The Weibull distribution is a versatile model widely used in fields such as reliability

engineering and survival analysis. However, it struggles to adequately fit data with
bathtub-shaped or unimodal hazard rates. To address this limitation, several extensions
and modifications have been proposed in the literature. Notable contributions include the
works of [1–6], among others. More recently, the flexible Weibull (FW) distribution was
introduced by [7]. Its cumulative distribution function (CDF) is defined as

F(x) = 1 − exp
(
−eθx− λ

x

)
,

and the corresponding probability density function (PDF) as

f (x) =
(

θ +
λ

x2

)
exp

(
θx − λ

x

)
exp

(
−eθx− λ

x

)
.
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For λ = 0 and θ = log(α), the FW model is reduced to exponential distribution,
demonstrating its role as a generalization of the Weibull distribution. Several extensions of
the FW distribution have been developed, such as those provided by [7–10], and others.
From the latter references, it is known that there does not exists a unique distribution
suitable for modeling and analyzing all types of data. Thus, the goal of this study is to
develop a generalization of the FW distribution, called the weighted flexible Weibull (WFW)
distribution. The WFW model is based on a PDF derived from the upper record values of
independent FW random variables. This approach has also been adapted by the Lindley
distribution [11]. The WFW distribution could be considered in medical data analysis,
especially in modeling unimodal and bimodal datasets related to COVID-19 events and
cancer decease, as discussed in subsequent sections.

On the other hand, the PORT-VaR analysis plays a crucial role in identifying and
characterizing critical events or outliers in failure events and COVID-19 death data across
various counties [12]. In this study, PORT-VaR estimators are utilized to gain insight in risk
analysis relative to the fields of engineering and medicine. In the context of engineering, the
PORT-VaR analysis assists in pinpointing extreme failure events that exceed predetermined
risk thresholds. By identifying these peaks over the random threshold, engineers can gain
insights into potential weaknesses or vulnerabilities in systems, components, or processes.
By applying PORT-VaR estimators to mortality data, healthcare professionals can identify
countries with unusually high mortality rates compared to the expected threshold [13]. This
analysis enables targeted interventions, resource allocation, and public health measures to
mitigate the impact of the pandemic and prioritize healthcare resources effectively.

This study proposes several key contributions to actuarial risk modeling and statis-
tical analysis, addressing critical gaps and introducing novel methodologies with broad
applications. One of the primary contributions is the introduction of the WFW distribution,
a versatile model with good performance in lifetime data analysis. Its properties (including
cumulative and residual cumulative entropy), provide deeper insights into risk model-
ing. A simulation study confirms the consistency of the maximum likelihood estimators
(MLEs), ensuring the reliability of parameter estimation. Furthermore, the study applies
the WFW distribution to real-world datasets, including unimodal and COVID-19 case data,
demonstrating its effectiveness in practical scenarios. A significant advancement in this
work is the development of PORT-VaR estimators, specifically tailored for risk assessment
in engineering and medical applications. These estimators provide a refined approach for
identifying and quantifying extreme events, which is crucial for making informed decisions
in high-risk environments. The study expands the discussion on PORT-VaR, emphasizing
its practical significance in modern risk assessment and its potential to improve public
health planning, engineering safety measures, and financial risk management. Our key
findings go beyond a review of existing ideas and introduce several new aspects of actuarial
risk assessment:

• This study is a pioneer in the use of weighted distributions in actuarial risk modeling,
filling a critical research gap and providing a fresh perspective on risk evaluation.

• Actuarial risk metrics are applied beyond traditional financial contexts to medical data,
specifically for assessing COVID-19 risk and managing datasets with extreme values.
This cross-disciplinary approach highlights the adaptability of actuarial methods in
diverse fields.

• A new estimation techniques and a sequential sampling plan based on trun-
cated life testing are introduced, enhancing the precision and efficiency of risk
assessment models.
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• While the original discussion on PORT-VaR is too general, we have now expanded on
its significance and provided a more detailed analysis of its applicability in modern
risk assessment scenarios.

2. The WFW Distribution
A random variable X follows the WFW distribution if its CDF and PDF, respectively,

are defined as

F(x) =
1 − exp

(
−eθx− λ

x

)
1 + exp

(
−eθx− λ

x

) , θ, λ > 0, x > 0. (1)

and

f (x) =
2eθx− λ

x

(
θ + β

x2

)
exp

(
−eθx− λ

x

)
[
1 + exp

(
−eθx− λ

x

)]2 , θ, λ > 0, x > 0. (2)

By using Equations (1) and (2), the hazard rate function of X can be formulated as

h(x) =

(
θ + λ

x2

)
eθx− λ

x

1 + exp
(
−eθx− λ

x

) .

Figures 1 and 2 provide visual representations of the density and hazard rate functions
for varying parameter values. Figure 1 demonstrates that the density function f (x) can
exhibit symmetrical, right-skewed, left-skewed, or even bimodal forms. On the other hand,
Figure 2 shows that the hazard rate function h(x) can take on increasing, decreasing, or
unimodal shapes depending on the parameter settings.

The reversed hazard rate function of the WFW distribution is obtained as follows:

r(x : θ, λ) =
2
(

θ + λ
x2

)
e−eθx− λ

x +θx− λ
x(

1 − exp
(
−eθx− λ

x

))(
1 + exp

(
−eθx− λ

x

)) .
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Figure 1. PDF of WFW distribution for several parameter settings.
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Figure 2. HRF of WFW distribution for several parameter settings.

The inverse of the hazard function for the WFW distribution exhibits a decreasing
trend across different parameter values. The quantile function is a widely used tool in data
analysis and probability, providing valuable information about the distribution of data and
their observed values. Let Q(p) = F−1(p) be the quantile function of X. Then, by solving a
quadratic equation, the quantile function (for 0 < p < 1) is obtained:

Q(p) =
1
2θ

log
(
− log

(
1 − p
1 + p

))
+

√[
log
(
− log

(
1 − p
1 + p

))]2
+ 4θλ

. (3)

3. Properties
3.1. Asymptotic Properties

Let X be a random variable with parameters θ and λ. The asymptotic behavior of the
CDF, PDF, and HRF are given by

F(x) ∼ e−
λ
x , f (x) ∼ λ

x2 e−
λ
x , h(x) ∼

λ
x2 e−

λ
x

1 − e−
λ
x

,

as x → 0+. When x → ∞, the asymptotic behavior of these functions for the WFW
distribution is expressed as

1 − F(x) ∼ 2e−eθx
, f (x) ∼ 2θeθxe−eθx

, h(x) ∼ θeθx.

3.2. Moments and Generating Function

Moments play crucial roles in identifying and quantifying various statistical charac-
teristics, including detecting flattening and spacing, as well as assessing the coefficient of
variation. In Table 1, the first four moments, standard deviation (SD), skewness (SK), and
kurtosis (KR) are numerically computed. The rth moment of the WFW distribution can be
determined using the following relationship [14]:

E(Xn) = n
∫ ∞

0
xn−1[1 − F(x)]dx.
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Table 1. First four moments, standard deviation (SD), skewness (SK), and kurtosis (KR) for the
WFW model.

θ = 0.04, λ = 1.1 θ = 0.04, λ = 0.99 θ = 0.04, λ = 1.5 θ = 0.04, λ = 0.5

µ′
1 10.923 10.773 11.439 10.040

µ′
2 243.831 240.959 254.236 228.0944

µ′
3 6860.908 6783.186 7146.237 6440.962

µ′
4 219054.8 216538.5 228340.1 205525.1

SD 11.15824 11.17569 11.106 11.282
SK 1.063338 1.071 1.032 1.11053
KR 3.29815 3.309 3.257 3.352

θ = 0.5, λ = 20 θ = 0.5, λ = 18 θ = 0.5, λ = 26 θ = 0.5, λ = 16

µ′
1 6.2996 5.980 7.174612 5.642

µ′
2 40.71086 36.776 52.5268 32.84342

µ′
3 268.776 231.495 391.2338 196.1263

µ′
4 1807.249 1486.404 2957.79 1196.871

SD 1.012774 1.0074 1.025543 1.001466
SK −0.5871091 −0.5543 −0.6650084 −0.5167628
KR 3.301012 3.227 3.492299 3.147694

θ = 0.4, λ = 20 θ = 0.3, λ = 9 θ = 0.3, λ = 14 θ = 0.3, λ = 11

µ′
1 7.0534 5.565 6.869 6.119

µ′
2 51.317 33.453 49.785 39.985

µ′
3 383.059 213.284 376.477 274.881

µ′
4 2922.048 1425.085 2947.551 1968.856

SD 1.251 1.574 1.612 1.591
SK −0.516 −0.127 −0.294 0.20
KR 3.147 2.603 2.776 2.672

θ = 1.5, λ = 0.5 θ = 1.5, λ = 1.0 θ = 1.5, λ = 1.5 θ = 1.5, λ = 2.0

µ′
1 0.631 0.849 1.022 1.169

µ′
2 0.487 0.815 1.142 1.468

µ′
3 0.430 0.854 1.364 1.947

µ′
4 0.416 0.958 1.719 2.697

SD 0.297 0.305 0.311 0.316
SK 0.381 0.105 −0.055 −0.167
KR 2.555 2.498 2.555 2.638

Employing the outcomes from the study conducted by [15], it is evident that

E(Xn) = n
∫ ∞

0
xn−1 2 exp(−eθx− λ

x )

1 + exp(−eθx− λ
x )

dx

= 2n
∞

∑
i=0

(−1)i
∫ ∞

0
xn−1e−(i+1)eθx− λ

x dx.

Further, by using the result 3.471.9 of [16], the nth moment of the WFW distribution is

E(Xn) = 2n
∞

∑
i=0

(−1)i+j(i + 1)j

j!

∫ ∞

0
xn−1ejθx− jλ

x dx.
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Then,

E(Xn) = 2n
∞

∑
i=0

(−1)i+j(i + 1)j

j!

[
2
(

jλ
jθ

) n
2

Kn(2
√

jθ jλ)

]
(4)

= 4n

[(
λ

θ

) n
2

Kn(2j
√

θλ)

]
∞

∑
i=0

(−1)i+j(i + 1)j

j!
,

where v = n − 1 and

Kn(z) =
π csc(πn)

2
[I−n(z)− In(z)].

The modified Bessel function of the first kind is

In(x) =
∞

∑
m=0

1
Γ(m + m + 1)m!

( x
2

)2m+n
, n ̸= Z,

and Γ(a) =
∫ ∞

0 xa−1e−xdx denotes the gamma function. Similarly, the nth incomplete
moment of X, say

E(Xn|X ≤ y) =
1

F(y)

∫ y

0
xn f (x)dx,

is

E(Xn|X ≤ y) =
1

F(y)

∫ ∞

0
xn 2(θ + λ

x2 )eθx− λ
x exp(−eθx− λ

x )

(1 + exp(−eθx− λ
x ))2

dx

=
2

F(y)

∞

∑
i=0

(−1)i(i + 1)
∫ ∞

0
xn(θ +

λ

x2 )e
θx− λ

x e−(i+1)eθx− λ
x dx

=
2

F(y)

∞

∑
i,j=0

(−1)i+j(i + 1)j+1

j!

∫ ∞

0
xn(θ +

λ

x2 )e
(j+1)θx− (j+1)λ

x dx.

Following Theorem 2 of [17], then

E(Xn|X ≤ y) =
2

F(y)

∞

∑
i,j=0

(−1)i+j(i + 1)j+1

j!
(5)

×
{

θγ

(
n + 1, (j + 1)θy − (j + 1)λ

y

)
+ λγ

(
n − 1,

(j + 1)λ
y

)}
,

for n ≥ 1, where

γ(a, x) =
∫ x

0
ta−1e−tdt

represents the lower incomplete gamma function.

3.3. Moment Generating Function

For a random variable X, the moment generating function (MGF) is given by

MX(t) ≡
∫ ∞

0
etx f (x)dx =

∞

∑
j=0

tk

k!
E(Xn).

Based on (4), the MGF of X can be expressed as

MX(t) = 4n
∞

∑
j=0

∞

∑
i=0

(−1)i+j(i + 1)jtk

j!k!

[(
λ

θ

) n
2

Kn(2j
√

θλ)

]
.
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4. Entropy
4.1. Cumulative Entropy

Cumulative entropy serves as a measure for quantifying the uncertainty of a random
variable. It is defined based on the CDF of the random variable X [18]. Then, the cumulative
entropy is defined as:

CE(X) = −
∫ ∞

−∞
F(x) log(F(x)) dx.

By (1), the CE(X) can be expressed as

CE(X) = −
∫ ∞

0

1 − exp
(
−eθx− λ

x

)
1 + exp

(
−eθx− λ

x

) log

1 − exp
(
−eθx− λ

x

)
1 + exp

(
−eθx− λ

x

)
dx

= −
∫ ∞

0

1 − exp
(
−eθx− λ

x

)
1 + exp

(
−eθx− λ

x

)(log
(

1 − exp
(
−eθx− λ

x

))
− log

(
1 + exp

(
−eθx− λ

x

)))
dx.

Using the Taylor expansion, the cumulative entropy of the flexible Weibull weighted
distribution is

CE(X) = =
∞

∑
i,j=0

(−1)i[1 + (−1)i+1]

i + 1

{
e(i+j+1)eθx− λ

x − e−(i+j+2)eθx− λ
x
}

=
∞

∑
i,j=0

(−1)i[1 + (−1)i+1]

i + 1

∫ ∞

0
e−(2i+2j+3)eθx− λ

x dx

=
∞

∑
i,j=0

(−1)i[1 + (−1)i+1]

i + 1

∫ ∞

0
e−keθx− λ

x dx

=
∞

∑
l=0

(−1)l

l!
kl

∞

∑
i,j=0

(−1)i + l[1 + (−1)i+1]kl

l!, i + 1

∫ ∞

0
elθx− lλ

x dx.

Based on [14], it can be seen that

∫ ∞

0
e−γx− λ

4x dx =

√
λ

γ
K1(
√

γλ)

and

CE(X) =
∞

∑
i,j=0

(−1)i[1 + (−1)i+1]

i + 1

∞

∑
0

(−1)l

l!
kl

[√
λ

lθ
K1(

√
4lθλ)

]
.

4.2. Cumulative Residual Entropy

Cumulative residual entropy [19,20] is a metric for measuring uncertainty in the
time remaining until an event occurs. This concept considered the survival and hazard
distributions and provides a better description of temporal unpredictability in events. The
applications of cumulative residual entropy has been studied in various fields, including
insurance and risk assessment [21]. For a random variable X, the cumulative residual
entropy is given by

CRE(X) = −
∫ ∞

0
(1 − F(x)) log(1 − F(x))dx.
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By using the equation above, the CRE(X) can be expanded as

CRE(X) =
∫ ∞

0
(1 − F(x))

∞

∑
i=0

F(x)i+1

i + 1
dx

= −
∫ ∞

0

2e−H(x)

1 + e−H(x)
log

(
2e−H(x)

1 + e−H(x)

)
dx

= −
∫ ∞

0

2e−H(x)

1 + e−H(x)

[
log 2 + H(x)− log(1 + e−H(x))

]
dx

= −
∫ ∞

0

2e−H(x)

1 + e−H(x)
[log 2 + H(x)]dx +

2e−H(x)

1 + e−H(x)

∞

∑
i=0

(−1)ie−(i+1)H(x)

(i + 1)(1 + e−H(x))
dx

= −2 log 2
∞

∑
i,j=0

(−1)i+j(i + 1)j

j!
eθ jx− jλ

x − 2
∞

∑
i,j=0

(−1)i+j(i + 1)j

j!

∫ ∞

0
e2[θ jx− jλ

x ]dx

+ 2
∞

∑
i,j=0

(−1)i+j+k(i + 1)j(i + j + 1)k

j!, k!

∫ ∞

0
ekθx− kλ

x dx.

Finally, based on [14], the CRE(X) can be expanded as

CRE(X) = 2
∞

∑
i,j=0

(−1)i+j+k(i + 1)j(i + j + 1)k

j!, k!

{√
λ

θ
K1

(
k
√

θλ
)}

.

4.3. Rényi Entropy

For a random variable X, the Rényi entropy [22] is given by

In(δ) =
1

1 − δ
log
(∫ ∞

0
f (x)δdx

)
. (6)

Additional properties of Rényi entropy can be seen in [23]. Using (6), the term f (x)δ

can be expressed as

f (x)δ =
2δ(θ − λ

x2 )
δ

[1 + eH(x)]2δ
H(x)δeδH(x),

where

In(δ) =
1

1 − δ
log

(∫ ∞

0
2δ

(θ − λ
x2 )

δ

[1 + eH(x)]2δ
H(x)δeδH(x)dx

)
.

Note that
1

[1 + eH(x)]2δ
=

∞

∑
i=0

(
−2δ

i

)
eiH(x).

Thus,

∫ ∞

0
f (x)δdx = 2δ

∞

∑
i=0

(
−2δ

i

)
(θ +

λ

x2 )
δ H(x)δe−(i+δ)H(x)

=
∞

∑
i,j=0

(
−2j

i

)(
δ

j

)
2δθδ−jλj ∗

∫ ∞

0
x−2jH(x)δe−(i+δ)H(x)dx

=
∞

∑
k=0

∞

∑
i,j=0

(
−2j

i

)(
δ

j

)
2δθδ−jλj

∫ ∞

0
x−2jeθ(δ−k)x− (δ+k)λ

x dx.
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Based on Formula (3.471 9) of [16], In(δ) can be simplified as

In(δ) =
1

1 − δ

{
δ log(2) +

∞

∑
i=0, j=0, k=0

(log(M(i, j, k))

×

2
(
(δ + k)β

θ(k − δ)

) 1−2j
2

K(1−2j)

(
2
√
(δ + k)λ(δ − k)θ

),

where

M(i, i, k) =
(
−2j

i

)(
δ

j

)
θδ−jλj.

5. Estimation Methods
5.1. Maximum Likelihood Estimation Method

The parameters of the WFW distribution are estimated using the MLE method. Given
a set of random samples, x1, x2, . . . , xn, following the WFW distribution, the likelihood
function is derived. Using (2), the L(x) can be expressed as

L(x) =
n

∏
i=1

2
(

θ + λ
x2

i

)
eθxi− λ

xi exp
(
−eθxi− λ

xi

)
[

1 + exp
(
−eθxi− λ

xi

)]2

= 2n
∏n

i=1

(
θ + λ

x2
i

)
exp

(
−∑n

i=1 eθxi− λ
xi

)
∏n

i=1

(
1 + e−e

θxi−
λ
xi

)2 eθ ∑n
i=1 xi−∑n

i=1
λ
xi

By taking the natural logarithm, the log-likelihood function is obtained as

ℓ(α) = n log(2) +
∑n

i=1 log
(

θ + λ
xi

2

)
+ θ ∑n

i=1 xi − ∑n
i=1

λ
xi
− ∑n

i=1 e(θxi− λ
xi
)

2n ∑n
i=1 log(1 + e−e

θxi−
λ
xi )

.

MLEs are numerically calculated using caret package [24] of R software [25].

5.2. Least Squares Estimation Method

The least squares estimation (LSE) approach seeks optimal model parameters to
minimize the sum of the square difference between the observed data points and those
predicted by the model. For a model defined by α and β parameters and a distribution F,
the LSE method defines the objective function:

SLSE(θ, λ) =
n

∑
i=1

(
F(xi:n)−

i
n + 1

)2
,

where x1:n, x2:n, . . . , xn:n are ordered samples from the data and F(xi:n) represents the value
of the hypothetical distribution at xi:n.
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5.3. Weighted Least Squares Estimation

In the weighted LSE method, the objective function is

SWLSE(θ, λ) =
n

∑
i=1

(n + 2)
(n + 1)2

i(n − i + 1)

[
F(xi:n)−

i
n + 1

]2
, (7)

where x1:n, x2:n, . . . , xn:n represents the ordered samples from the data, and F(xi:n) denotes
the value of the hypothetical distribution at xi:n.

5.4. Cramer–Von Mises Estimator

The Cramer–von Mises estimator (CME) is defined as

SCME(θ, λ) =
1

12n
+

n

∑
i=1

[
F(xi:n)−

2i − 1
2n

]2
, (8)

where x1:n, x2:n, . . . , xn:n represents the ordered samples from the data, and F(xi:n) denotes
the value of the hypothetical distribution at xi:n.

5.5. Anderson–Darling Estimator

The Anderson–Darling estimator (ADE) and right-tailed Anderson–Darling estimator
(RTADE) are respectively defined as

SADE(θ, λ) = −n − 1
n

n

∑
i=1

(2i − 1)
[
log F(xi) + log F(xn+1−i)

]
(9)

SRTADE(θ, λ) =
n
2
− 2

n

∑
i=1

F(xi)−
1
n

n

∑
i=1

(2i − 1) log F(xn+1−i), (10)

where F(.) = 1 − F(.). In these equations, x1, x2, . . . , xn represents the samples from
the data, and F(xi) denotes the value of the hypothetical distribution at xi. The estima-
tion of each parameter can therefore be obtained when the first partial derivative of the
log-likelihood function for each of the parameters is taken, equated to zero, and solved
simultaneously. Note that the solution cannot be obtained in closed form, but it can be
obtained by solving numerically using the R software [25].

6. Simulations
In the study of the estimation and comparison of different estimation methods, several

simulations were conducted to compare the methods for estimating the parameters θ and
λ of the WFW distribution with generating N = 1000 Monte Carlo replicates for the WFW
model based on Equation (3) with sample sizes n = 50, 100, 300, 500. The simulations were
performed under the following parameter settings: (θ, λ) = (0.5, 1) and (θ, λ) = (1, 1). To
assess the accuracy of the estimation methods, the Bias and MSE were calculated using the
following equations:

Bias(α̂) =
1
N

N

∑
i=1

(θ̂i − θ), Bias(λ̂) =
1
N

N

∑
i=1

(λ̂i − λ),

MSE(θ) =
1
N

N

∑
i=1

(θ̂i − θ)2, MSE(λ) =
1
N

N

∑
i=1

(λ̂i − λ)2.
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This section discusses the assessment of estimating the θ and λ parameters and con-
cerning bias and root mean square error MSE values. Furthermore, the analysis of bias
was conducted. The bias value reflects the estimation method accuracy by averaging the
possible deviation of estimates from the true parameter value. The MSE was used as well.
This value sums up variance and bias for a deep comparison, where a smaller value is
considered as a more accurate estimator. It can be seen in Table 2 that, when sample size n
increases, the size of the bias decreases for all methods, which shows an improvement in
accuracy. In this table, ADE and RTADE methods have a better performance of θ estimation
than other methods. Also, the MLE method is more biased in smaller samples, but reduces
its bias as the sample size increases. In Table 3, the value of MSE in all methods indicates the
improvement of estimates in large samples sizes, where the RTADE method has the lowest
values of MSE compared to other methods. Also, the MLE and CME methods have higher
MSE in small samples, but both improve with increasing sample size. Based on the results,
it is suggested to use ADE and RTADE methods to estimate model parameters, because in
many cases these methods have lower bias and MSE values than other methods. Also, in
small samples, WLSE can be a suitable option. The performance of the MLE method can
improved with larger sample size.

Table 2. Bias and RMSE of α and β for different sample sizes n.

Bias for θ = 1 n MLEs LSEs WLSEs CMEs ADEs RTADEs

20 0.0707 0.0039 0.0129 0.0812 0.0255 0.0440
50 0.0256 0.0013 0.0077 0.0304 0.0099 0.0169

100 0.0099 −0.0020 0.0028 0.0122 0.0028 0.0052
200 0.0050 −0.0014 0.0010 0.0057 0.0009 0.0008
500 0.0024 0.0006 0.0016 0.0035 0.0012 0.0016

Bias for λ = 1 n MLEs LSEs WLSEs CMEs ADEs RTADEs

20 0.1061 0.0202 0.0311 0.1116 0.0444 0.0839
50 0.0396 0.0101 0.0178 0.0445 0.0190 0.0343

100 0.0174 0.0011 0.0073 0.0179 0.0066 0.0122
200 0.0061 −0.0039 −0.0003 0.0044 −0.0008 −0.0004
500 0.0027 0.0000 0.0013 0.0033 0.0006 0.0016

MSE for θ = 1 n MLEs LSEs WLSEs CMEs ADEs RTADEs

20 0.1948 0.2158 0.2010 0.2538 0.1827 0.1958
50 0.1045 0.1258 0.1145 0.1342 0.1087 0.1115

100 0.0661 0.0841 0.0751 0.0866 0.0725 0.0749
200 0.0474 0.0589 0.0528 0.0597 0.0517 0.0532
500 0.0288 0.0379 0.0326 0.0382 0.0323 0.0326

MSE for λ = 1 n MLEs LSEs WLSEs CMEs ADEs RTADEs

20 0.3333 0.3366 0.3248 0.3865 0.3087 0.3622
50 0.1778 0.2027 0.1898 0.2146 0.1835 0.2102

100 0.1268 0.1452 0.1358 0.1489 0.1334 0.1513
200 0.0838 0.0964 0.0895 0.0973 0.0888 0.0989
500 0.0509 0.0598 0.0546 0.0601 0.0543 0.0608
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Table 3. MSE and Bias for θ and λ with n samples.

Bias for θ = 0.5 n MLEs LSEs WLSEs CMEs ADEs RTADEs

20 0.03848 0.01386 0.01524 0.05298 0.01992 0.02619
50 0.01225 −0.00096 0.00260 0.01317 0.00367 0.00728

100 0.00644 0.00041 0.00234 0.00738 0.00261 0.00440
200 0.00465 0.00161 0.00267 0.00507 0.00262 0.00313
500 0.00070 −0.00075 −0.00008 0.00062 −0.00026 0.00003

Bias for λ = 1 n MLEs LSEs WLSEs CMEs ADEs RTADEs

20 0.11110 0.03352 0.03706 0.13005 0.05047 0.09532
50 0.03963 0.00562 0.01467 0.04093 0.01528 0.03732

100 0.02875 0.01374 0.01831 0.03127 0.01813 0.02871
200 0.01243 0.00486 0.00786 0.01346 0.00739 0.01084
500 0.00199 −0.00221 −0.00043 0.00119 −0.00115 0.00058

MSE for θ = 0.5 n MLEs LSEs WLSEs CMEs ADEs RTADEs

20 0.09613 0.11221 0.10429 0.13553 0.09246 0.09473
50 0.05239 0.06250 0.05693 0.06627 0.05443 0.05605

100 0.03401 0.04156 0.03730 0.04300 0.03626 0.03730
200 0.02483 0.02923 0.02625 0.02989 0.02604 0.02644
500 0.01552 0.01908 0.01687 0.01915 0.01676 0.01702

MSE for λ = 1 n MLEs LSEs WLSEs CMEs ADEs RTADEs

20 0.36420 0.37965 0.36290 0.43784 0.34708 0.43814
50 0.19811 0.22821 0.21303 0.24043 0.20657 0.25621

100 0.14033 0.16054 0.15059 0.16596 0.14732 0.17763
200 0.09688 0.10939 0.10210 0.11110 0.10170 0.11767
500 0.05945 0.07042 0.06431 0.07066 0.06398 0.07407

7. Risk Indicators
7.1. The Mean of Order P and Optimal Order of P

The MOP[P] analysis [26], formally defined by [27], is used to characterize the central
tendency or average behavior of a dataset based on different orders of moments. The
MOP[P] is calculated by raising each data point to the power of P (a positive integer) and
then taking the average of these values. The optimal order of P in MOP[P] analysis refers
to determining the most suitable value of P that provides meaningful insights into the
dataset’s characteristics or distribution. The choice of P can influence the sensitivity of the
analysis to different aspects of the dataset. This is usually done by calculating MOP[P] for
different p values (e.g., p = 1, 2, 3, . . .) to examine how much influence the dataset has on
different moments.

7.2. The PORT-VaR Estimator

The PORT-VaR estimator is a statistical method used for risk analysis and extreme
value modeling. This method is particularly useful for identifying and analyzing extreme
events or peaks in a dataset that exceed a specified threshold, which is often determined
based on a certain level of confidence or risk tolerance. The PORT-VaR estimator calculates
the value-at-risk (VaR) associated with the chosen threshold. VaR represents the maximum
potential loss that could occur within a given confidence interval (e.g., 95% or 99%) under
normal market conditions. The PORT-VaR estimator is widely used in modeling and ana-
lyzing rare events or outliers, which may have significant implications for risk assessment
and mitigation strategies. It helps in understanding the probability and severity of extreme
events, thereby enabling organizations to prepare and respond effectively to potential risks;
see [28] for more details.
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The necessary steps to obtain the PORT-VaR estimator are as follows:

1. Gather relevant data that capture extreme events or rare occurrences. Clean and
preprocess the data to ensure quality and suitability for analysis.

2. Choose an appropriate statistical model.
3. Select a threshold above which extreme events are considered for analysis. This thresh-

old is crucial and should be based on domain expertise and risk management goals.
4. Identify all data points that exceed the chosen threshold to form the PORT subset.
5. Estimate the VaR for each peak in the PORT subset, where VaR represents the maxi-

mum expected loss at a specified confidence level based on extreme value modeling.
6. Analyze the distribution of PORT-VaR estimates to quantify the tail risk associated

with extreme events. Assess the impact of these events on overall risk exposure.
7. Utilize PORT-VaR results to inform risk management strategies, such as setting re-

serves, determining insurance premiums, or implementing risk mitigation measures.

8. Applications
This section presents and evaluates three different applications of the proposed model.

Each application demonstrates the model’s effectiveness in capturing the underlying pat-
terns within the data. Furthermore, we assess its performance by comparing it against
other well-established distributions, highlighting its advantages and potential limitations in
various scenarios. Through this comparative analysis, we aim to provide a comprehensive
understanding of the model’s strengths and its applicability across different datasets, such
as the exponentiated Weibull (EW) [29], modified Weibull (MW) [30], beta Weibull (BW) [3],
gamma flexible Weibull (GFW) [31], and Kumaraswamy Burr XII (KwBXII) [32]. The best-
fitting model is identified based on the Cramer–von Mises statistic (W∗), Anderson–Darling
statistic (A∗), Akaike information criterion (AIC), consistent Akaike information criterion
(CAIC), Bayesian information criterion (BIC), and Hannan–Quinn information criterion
(HQIC). The MLEs, standard errors (SEs), and relevant statistics are computed using the
AdequacyModel package [33] in R software [25].

8.1. Failure Times Dataset

The failure times of 50 components (measured per 1000 h) are given in [34], as follows:
0.036, 0.058, 0.061, 0.074, 0.078, 0.086, 0.102, 0.103, 0.114, 0.116, 0.148, 0.183, 0.192, 0.254,
0.262, 0.379, 0.381, 0.538, 0.570, 0.574, 0.590, 0.618, 0.645, 0.961, 1.228, 1.600, 2.006, 2.054,
2.804, 3.058, 3.076, 3.147, 3.625, 3.704, 3.931, 4.073, 4.393, 4.534, 4.893, 6.274, 6.816, 7.896,
7.904, 8.022, 9.337, 10.940, 11.020, 13.880, 14.730, 15.080. These failure time datasets are
used to analyze the failure behavior of components, fit probabilistic models for reliability
analysis, and predict the lifespan of components. Table 4 shows the MLEs and their
respective standard errors (SEs) for the parameters of different models fitted to the failure
time data. From this table, parameter estimates from the WFW model are shown to have
relatively small standard error estimates, indicating a good fit for the model to the actual
data. On the other hand, estimates from models like MW, EW, and BW result in higher
standard errors, suggesting a potential compromise in parameter estimation accuracy. More
goodness-of-fit statistics (the measurements are considered test statistics, both W∗ and A∗)
and model selection criteria (AIC, CAIC, BIC, and HQIC) are summarized in Table 5. Smaller
values for these metrics are reflective of a better model fit. As can be seen, the WFW model
has the lowest results on all criteria, proving its superiority over competing models. In
particular, the value of AIC is equal to 192.294 in the WFW model, and this value is lower
than that of the other models, demonstrating that the WFW model is more accurate in
generalizing the data. The WWF model aligns the closest with the blue circles (empirical
distribution), supporting the goodness of the WFW model in terms of fitting to the real
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failure time data. Thus, the results of this study support the ability of the WFW model to
adequately analyze and predict actual real failure time data.

Table 4. MLEs and their respective SEs of fitted models for failure time dataset.

Model MLE (SE)

WFW(θ, λ) 0.109 0.146
(0.011) (0.03)

GFW(a, θ, λ) 1.362 0.109 0.126
(0.19) (0.013) (0.033)

FW(α, β) 0.099 0.183
(0.012) (0.034)

MW(α, λ, β) 0.496 0.034 0.562
(0.099) (0.025) (0.098)

EW(α, λ, β) 0.290 0.770 0.785
(0.681) (0.99) (1.546)

KwBXII(a, b, c, k, s) 0.121 2.199 4.381 1.193 21.015
(0.019) (0.477) (0.147) (0.217) (0.125)

BW(a, b, α, β) 0.708 0.703 0.412 0.819
(1.392) (1.46) (1.575) (1.057)

Table 5. Evaluation metrics for the models applied to failure time dataset.

Model W∗ A∗ AIC CAIC BIC HQIC

WFW(θ, λ) 0.041 0.267 192.294 192.55 196.118 193.750
GFW(a, α, β) 0.042 0.257 193.850 194.372 199.586 196.035

FW(α, β) 0.079 0.414 195.846 196.101 199.670 197.302
MW(α, λ, β) 0.130 0.850 208.727 209.249 214.463 210.912
EW(α, λ, β) 0.150 0.946 210.713 211.234 216.449 212.897

BW(a, b, α, β) 0.149 0.942 212.696 213.585 220.344 215.608
KwBXII(a, b, c, k, s) 1.132 0.870 213.086 214.450 222.646 216.726

8.2. COVID-19 Mortality Dataset

The dataset includes the number of COVID-19 deaths recorded across 83 counties
in Illinois, United States, up to December 2021. The reported number of deaths are as
follows: 169, 13, 28, 91, 13, 107, 4, 41, 31, 89, 46, 57, 108, 146, 35, 30, 32, 156, 38, 52, 21,
113, 73, 59, 130, 93, 10, 40, 101, 25, 36, 16, 15, 95, 90, 101, 21, 150, 57, 32, 34, 127, 184, 38,
69, 115, 78, 121, 165, 24, 53, 58, 72, 15, 38, 108, 85, 104, 39, 110, 82, 16, 58, 7, 15, 7, 107,
67, 74, 14, 8, 56, 29, 124, 52, 19, 72, 30, 66, 34, 196, 201, 98. This dataset can be found at:
https://data.world/associatedpress/johns-hopkins-coronavirus-case-tracker (accessed on
16 February 2025).

The obtained results regarding MLEs and their associated SEs are presented in Table 6.
The results indicate that the WFW, GFW, and FW models yield precise parameter estimates
with relatively low SEs, while other models exhibit higher SEs. Table 7 reports the values
of various model selection criteria, showing that the WFW model consistently achieves
the lowest values. Consequently, it is identified as the most suitable model for the data.
Figure 3 illustrates the estimated density functions for the top-performing models. Among
them, the WFW model demonstrates the closest agreement with the empirical histogram,
underscoring its suitability for modeling the observed data.

https://data.world/associatedpress/johns-hopkins-coronavirus-case-tracker
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Figure 3. Fitted WFW density to COVID-19 mortality dataset.

Table 6. Findings from the fitted models to COVID-19 mortality dataset.

Model MLE (SE)

WFW(θ, λ) 0.010 23.243
(0.0006) (3.755)

GFW(a, α, β) 1.702 0.010 14.005
(0.253) (0.001) (4.458)

FW(α, β) 0.008 32.812
(0.001) (4.290)

MW(α, λ, β) 0.005 0.003 1.161
(0.002) (0.002) (0.116)

EW(α, λ, β) 0.013 1.418 0.986
(0.005) (0.503) (0.574)

KwBXII(a, b, c, k, s) 10.526 72.271 0.327 1.393 40.836
(25.224) (95.623) (0.401) (2.142) (122.510)

BW(a, b, α, β) 3.697 3.665 0.011 0.615
(1.303) (1.943) (0.006) (0.120)

Table 7. Adequacy measures for the fitted models for COVID-19 mortality dataset.

Model W∗ A∗ AIC CAIC BIC HQIC

WFW(θ, λ) 0.029 0.212 853.026 853.176 857.864 854.969
GFW(a, α, β) 0.034 0.241 855.333 855.637 862.590 858.248

FW(α, β) 0.095 0.596 859.516 859.666 864.353 861.459
MW(α, λ, β) 0.057 0.348 858.767 859.071 866.024 861.682
EW(α, λ, β) 0.059 0.351 858.690 858.994 865.946 861.605

BW(a, b, α, β) 0.088 0.544 863.876 864.389 873.551 867.763
KwBXII(a, b, c, k, s) 0.083 0.508 864.870 865.649 876.964 869.728
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8.3. COVID-19 Times Dataset

The dataset of reported COVID-19 cases, introduced by [35], comprises 30 recorded
observations representing the spread of the disease over a specific time interval. These ob-
servations offer valuable insights into infection trends and patterns, facilitating a thorough
analysis of the disease’s progression and predictive modeling. These observations are as
follows: 14.918, 10.656, 12.274, 10.289, 10.832, 7.099, 5.928, 13.211, 7.968, 7.584, 5.555, 6.027,
4.097, 3.611, 4.960, 7.498, 6.940, 5.307, 5.048, 2.857, 2.254, 5.431, 4.462, 3.883, 3.461, 3.647,
1.974, 1.273, 1.416, and 4.235. For more details, see [35]. This dataset requires appropriate
statistical modeling techniques to capture their underlying patterns effectively. Therefore,
to evaluate the ability of various distribution models to describe the observed trends, differ-
ent statistical models are fitted to the dataset (see Table 8). The fitting results are presented
in the following sections. Based on the low values of AIC, BIC, and HQIC, the WFW model
emerges as the best option for describing this dataset (see Table 9). The FW and EW models
also demonstrate a good performance, while the KwW model provides the weakest fit.
Therefore, the WFW model is recommended for analyzing the COVID-19 times dataset.

Table 8. Estimates of the fitted models for COVID-19 times data.

Model Parameter 1 Parameter 2 Parameter 3 Parameter 4

WFW(θ, λ) 0.127 (0.015) 3.951 (0.931)
GFW(a, α, β) 0.3418 (0.566) 0.1315 (0.07) 16.38 (24.75)
FW(θ, λ) 0.1199 (0.018) 5.596 (1.056)
EW(α, λ, β) 4.084 (3.476) 1.188 (0.679) 2.508 (3.049)
KwW(a, b, λ, k) 100 (1472.02) 100 (960.966) 2.444 (13.220) 0.1249 (0.6912)
W(α, β) 6.9637 (0.715) 1.879 (0.262)
LNORM(µ, σ) 1.6471 (0.112) 0.611 (0.078)

Table 9. Adequacy measures for of the fitted models for COVID-19 times dataset.

Model AIC CAIC BIC HQIC

WFW(θ, λ) 157.7342 158.1787 159.5366 158.6308
GFW(a, α, β) 158.677 159.6 162.8806 160.0217
FW(α, β) 158.810 158.2553 160.6132 158.7073
KwW(a, b, λ, k) 161.3179 162.9179 166.9226 163.1109
W(α, β) 158.0685 158.5129 160.8709 158.965
LNORM(µ, σ) 158.4702 159 161.2726 159.3667

9. MOP[P] Assessments and Risk Analysis Under Real Data
The PORT-VaR estimator helps in identifying and analyzing extreme events or outliers

in COVID-19 data. Peaks over a specified VaR threshold may represent unusual or critical
situations, such as sudden spikes in infection rates, hospitalizations, or other medical
metrics related to COVID-19 [13,36,37]. Below, three subsections are presented: the first
focuses on MOP[P] assessments and the optimal order of P based on the true mean value
(TMV), the second examines the PORT-VaR estimator under failure time data, and the third
explores the PORT-VaR estimator in the context of medical data.

9.1. MOP[P] Assessments and Optimal Order of P

Following [27], selecting the optimal order of P is crucial for MOP[P] assessments, as it
balances capturing sufficient detail in risk profiles with avoiding overfitting or excessive
complexity. Empirical and statistical analyses are employed to determine the ideal P,
ensuring accurate representation of the underlying risk distribution. This process enhances
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robust risk evaluation and decision-making. Statistical tools like MOP[P] distributions
enable quantitative risk assessment, hazard identification, and effective mitigation strate-
gies, empowering stakeholders to allocate resources efficiently and build resilience against
uncertainties. Table 10 provides the MOP[P] assessment, including the TMV, MSE, and Bias
under P = 1, 2, . . . , 5, n = 1000 and some different parameter values. Based on the results
presented in Table 10 (the first scenario) for MOP[P] assessments under different orders
(P = 1, 2, 3, 4, 5) and with specific parameter values (θ0 = 10, λ0 = 2.5) and a dataset size
of n = 1000, it is seen that the TMVs for MOP[P] across all orders (P = 1, 2, 3, 4, 5) remain
stable around 1.001314, confirming a consistent estimate of the dataset’s true mean. The
identical MSE values (0.9983274) indicate that prediction errors remain constant across
different P orders, reflecting moderate deviation from the TMV. Similarly, the consistent
bias values (0.9991634) suggest a systematic underestimation of the TMV. The stability of
TMV, MSE, and bias across varying P orders highlights the robustness of MOP[P], ensuring
reliable mean estimation and prediction accuracy despite changes in model parameters
and dataset size. Based on the results presented in Table 10 for the second scenario, MOP[P]
assessments are conducted under different orders (P = 1, 2, 3, 4, 5) with specific parameter
values (θ0 = 2, λ0 = 1.5) and a dataset size of n = 1000. The TMVs for MOP[P] across all
orders remain stable at approximately 0.9973669, confirming consistent mean estimation.
Additionally, identical MSE values (0.9947407) indicate a uniform level of prediction error
across different P orders. Similarly, the bias values (0.9973669) consistently show a slight
underestimation of the TMV. The stability of TMV, MSE, and bias across varying P orders
highlights the robustness of MOP[P], ensuring reliable mean estimation with predictable
error levels regardless of parameter settings and dataset size. Across all parameter com-
binations and orders of P, the TMV estimates derived from MOP[P] assessments remain
relatively stable and close to the expected value, indicating the robustness of the method in
estimating central tendencies within the dataset, with means stability of the TMV. The MSE
and bias values also exhibit consistency across different orders of P and parameter settings.
This suggests that while there is a predictable level of MSE and bias in the MOP[P] estimates,
these metrics remain relatively invariant to changes in the order of P and specific parameter
values, which means a consistent MSE and consistent bias. The consistent performance of
MOP[P] across varied conditions underscores its reliability as a statistical tool for risk anal-
ysis. Despite potential variations in dataset characteristics or model parameters, MOP[P]
consistently provides estimates that capture meaningful aspects of risk distributions.

Table 10. MOP[P] assessment under n = 1000 and P = 1, 2, 3, 4, 5.

P → 1 2 3 4 5

α0 = 10, β0 = 2.5
TMV 1.001314
MSE 0.9983274 0.9983274 0.9983274 0.9983274 0.9983274
Bias 0.9991634 0.9991634 0.9991634 0.9991634 0.9991634

θ0 = 2, λ0 = 1.5
TMV 0.9973669
MSE 0.9947407 0.9947407 0.9947407 0.9947407 0.9947407
Bias 0.9973669 0.9973669 0.9973669 0.9973669 0.9973669

θ0 = 0.5, λ0 = 0.5
TMV 0.9978629
MSE 0.9957304 0.9957304 0.9957304 0.9957303 0.9957296
Bias 0.9978629 0.9978629 0.9978629 0.9978629 0.9978625

θ0 = 100, λ0 = 50
TMV 0.9988142
MSE 0.9976297 0.9976297 0.9976297 0.9976297 0.9976297
Bias 0.9988142 0.9988142 0.9988142 0.9988142 0.9988142
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9.2. VaR, TVaR and PORT-VaR Estimators for Extreme Failure Times

Failure time datasets often represent the occurrence of critical events such as equipment
failures, system breakdowns, or component malfunctions. By applying the PORT-VaR
estimator, analysts can identify and quantify extreme failure events that exceed a specified
risk threshold. This information is crucial for understanding the reliability profile of
systems or components. PORT-VaR analysis allows for a deeper assessment of the risk
and uncertainty associated with failure times. By setting a threshold based on the desired
confidence level (e.g., 95% or 99%), researchers can evaluate the probability of experiencing
extreme failures beyond this threshold. This insight helps in assessing the overall risk
exposure and potential consequences of critical failures. In this subsection, the PORT-VaR
analysis is presented under failure times data. A summary of the analysis results obtained
at different confidence levels (CLs: 80%, 85%, 90%, 95%, and 99%) is presented in Table 11.
The trend shows that, as CL increases, the inferences of PORT volume decreases. This trend
characterizes a shift towards a safer risk assessment method, one that relies on a higher
range to incorporate only the most extreme data present in the sample. This relationship is
critical for risk tolerance measurement and risk management design when risk exposure is
acceptable. Also, Figure 4 shows the PORT-VaR analysis for extreme failure times. Based
on Table 11, as the CL increases, the number of identified PORTs generally decreases,
reflecting stricter risk thresholds. Lower CLs (e.g., 80% and 85%) yield higher extreme
event counts, indicating a greater prevalence of significant failure time events relative
to the VaR threshold. The statistical distribution (Min, Median, Mean, Max) highlights
variability in severity and frequency, offering key insights into the risk profile of failure
times. These findings inform risk assessment and response strategies, helping identify areas
requiring targeted interventions and resource allocation to mitigate elevated mortality risks.
Understanding the distribution of extreme failure events across CLs aids in quantifying
risk exposure, prioritizing mitigation efforts, and optimizing reliability and maintenance
practices. Decision-makers can leverage these insights to allocate resources efficiently,
implement targeted interventions, and enhance system resilience against extreme failures.
Notably, as CL increases, the number of PORTs rises monotonically, while VaR and TVaR
decrease, indicating that more extreme failure events are captured at higher CLs, though
their severity declines over time. Managing risk based on VaR alone suggests that an
80–85% CL may be overly conservative, while 99% could underestimate extreme failure
impacts. A balanced choice (e.g., 90–95%) might be optimal. However, at 99% CL, the
number of exceedances doubles, meaning organizations must prepare for more frequent
small-to-moderate failures rather than rare, catastrophic events.

Table 11. PORT-VaR analysis for extreme failure times.

CLs N. of PORT VaR TVaR Min. 1st Qu. Median Mean 3rd Qu. Max.

80% 40 3.490 1.5764 0.148 0.586 3.067 4.158 6.410 15.08
85% 42 3.019 1.035 0.114 0.571 2.931 3.965 5.929 15.08
90% 45 1.491 0.593 0.086 0.381 2.054 3.708 4.893 15.08
95% 47 0.744 0.375 0.0740 0.3205 2.0060 3.5530 4.7135 15.08
99% 94 0.321 0.130 0.058 0.254 1.600 3.410 4.534 15.08
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Figure 4. PORT-VaR analysis for extreme failure times. Each histogram is related to a confidence
level (CL) of (a) 80%, (b) 85%, (c) 90%, (d) 95%, and (e) 99%.
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9.3. VaR, TVaR, and PORT-VaR Estimators for Extreme COVID-19 Deaths

Analyzing PORT-VaR can aid in optimizing resource allocation within the medical
sector. Identification of peaks over the VaR threshold allows for the focused allocation
of healthcare resources, such as medical supplies, personnel, and hospital beds, to areas
experiencing the highest levels of risk or demand during the pandemic. Insights from
the PORT-VaR estimator can enhance decision-making processes and preparedness efforts.
Healthcare facilities and public health authorities can use this information to develop robust
contingency plans, allocate budgets effectively, and implement targeted interventions to
address the emerging challenges highlighted by the peaks in COVID-19 data; for more
applications, see [38,39]. According to [28], effective public health responses rely on timely
and accurate data analysis. The PORT-VaR approach offers a quantitative framework
to monitor and respond to evolving COVID-19 trends. It enables proactive measures to
contain outbreaks, implement targeted vaccination campaigns, and mitigate the impact
of unforeseen events. PORT-VaR analysis contributes to evidence-based research and
policy development in the medical sector. Insights gained from studying peaks over the
VaR threshold can inform the design of public health policies, clinical guidelines, and
research priorities aimed at combating the COVID-19 pandemic. For this purpose, Table 12
is presented; it provides the PORT-VaR analysis under COVID-19 data. Table 12 provides
valuable insights into the distribution and characteristics of extreme events (PORTs), iden-
tified using the VaR estimator under different confidence levels. These findings have
practical implications for risk assessment, decision-making, and resource allocation in the
context of COVID-19 dataset analysis and pandemic response efforts, where minimum
(Min.) refers to the smallest PORT value observed above the VaR threshold and maximum
(Max.) refers to the largest PORT value observed above the VaR threshold. However, the
mean column refers to the average value of the PORT distribution, indicating the central
tendency of extreme events. Finally, median refers to the middle value of the PORT distri-
bution, separating the higher and lower halves of the data. Moreover, Figure 5 shows the
PORT-VaR analysis for extreme COVID-19 deaths.

Table 12 presents the PORT-VaR analysis for COVID-19 data, where the PORT column
indicates the count of extreme events exceeding the VaR threshold at different CLs. As
CL increases, fewer extreme events are detected, reflecting stricter risk thresholds, while
lower CLs (e.g., 80% and 85%) capture more frequent extreme events. Descriptive statistics
of PORT values (Min., Median, Mean, Max.) highlight the severity and frequency of
extreme cases. The analysis underscores the sensitivity of risk assessment to CL variations,
aiding in resource allocation and pandemic response planning. Notably, as CL rises,
PORT counts increase while VaR and TVaR decrease, suggesting that higher thresholds
capture more extreme cases but reduce individual severity estimates. A CL of 90–95%
may offer a balanced approach for policymakers, avoiding overly conservative or lenient
risk assessments.

Table 12. PORT-VaR analysis for extreme COVID-19 deaths.

CL N. of PORT VaR TVaR Min. 1st Qu. Median Mean 3rd Qu. Max.

80% 66 24.4 30.375 25.00 40.25 72.50 81.74 107.75 201.00
85% 70 16.9 11.769 19.00 38.00 70.50 78.29 107.00 201.00
90% 72 15 11 16.00 37.50 68.00 76.56 107.00 201.00
95% 78 10.3 7.2 13.00 32.50 58.50 71.76 103.25 201.00
99% 82 6.46 4 7.00 30.25 57.50 68.65 101.00 201.00
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Figure 5. PORT-VaR analysis for extreme COVID-19 deaths. Each histogram is related to a confidence
level (CL) of (a) 80%, (b) 85%, (c) 90%, (d) 95%, and (e) 99%.
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10. Conclusions and Limitations
This study introduces the weighted flexible Weibull distribution, and its main proper-

ties, including cumulative and residual cumulative entropy, are explored. A simulation
study confirms the consistency of the MLEs for parameter estimation. Applications to
real-world data, including failure times and COVID-19 datasets, demonstrate the model’s
good competitive performance against other lifetime distributions. Additionally, peaks
over a random threshold value-at-risk (PORT-VaR) estimators are developed for risk anal-
ysis in engineering and medicine. These estimators mark a significant advancement in
quantitative risk assessment, offering tailored solutions for diverse challenges. The findings
highlight the importance of PORT-VaR analysis in various fields, including public health
and engineering, contributing to improved risk management strategies.

Future research could integrate advanced statistical techniques and predictive mod-
eling to enhance the accuracy and robustness of PORT-VaR assessments. Comparative
studies across different datasets and contexts could further refine their applicability for
risk mitigation and decision-making in complex systems. The PORT-VaR analysis provides
valuable insights for interdisciplinary risk analysis, addressing contemporary challenges
across multiple domains. This study introduces several novel aspects of actuarial risk as-
sessment, expanding beyond a review of existing concepts. It pioneers the use of weighted
distributions in actuarial risk modeling, addressing a critical research gap and offering a
fresh perspective on risk evaluation. Actuarial risk metrics are applied beyond traditional
financial contexts to medical data, particularly in assessing COVID-19 risk and managing
datasets with extreme values, highlighting the adaptability of actuarial methods across
diverse fields. Additionally, a new estimation technique and a sequential sampling plan
based on truncated life testing are introduced, enhancing the precision and efficiency of
risk assessment models. Furthermore, the discussion on PORT-VaR has been expanded,
offering a more detailed analysis of its significance and applicability in modern risk as-
sessment scenarios. These contributions advance actuarial risk modeling methodologies
and reinforce their relevance across multiple disciplines, supporting more robust and in-
formed decision-making in risk management. The PORT-VaR analysis for COVID-19 data
highlights the impact of CLs on risk assessment, with higher CLs detecting fewer extreme
events due to stricter thresholds, while lower CLs capture more frequent occurrences.
Descriptive statistics of PORT values provide insights into the severity and distribution of
extreme cases, emphasizing the importance of selecting appropriate CLs for effective risk
evaluation. The observed trend of increasing PORT counts alongside decreasing VaR and
TVaR at higher CLs suggests that broader thresholds identify more extreme cases while
moderating individual severity estimates. A CL range emerges as a balanced choice for
policymakers, ensuring a comprehensive yet practical approach to pandemic response and
resource allocation.

While this study introduces significant advancements in actuarial risk modeling and
PORT-VaR analysis, several limitations should be acknowledged. First, the proposed
weighted flexible Weibull distribution, though competitive, has been evaluated on a limited
number of datasets. This model can be applied to broader real-world applications, including
different domains and larger datasets, requires further validation. Second, the PORT-
VaR estimators were developed and tested within specific contexts, such as engineering
and medical risk analysis, but their performance in other industries remains unexplored.
Additionally, the study assumes that extreme events follow particular statistical patterns,
which may not always hold true in highly dynamic or unpredictable environments. Another
limitation is that the study primarily relies on historical data, which may not fully account
for evolving risk factors, policy changes, or unexpected future developments. While
simulation studies confirm the consistency of estimation methods, real-world uncertainties
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could introduce biases or deviations not captured in the models. Finally, the selection of
confidence levels (CLs) in PORT-VaR analysis is based on statistical reasoning and practical
considerations, but the optimal choice may vary depending on specific risk tolerance
levels and decision-making frameworks. Future works should address these limitations by
expanding the application of the proposed methods to diverse datasets, exploring adaptive
modeling approaches for evolving risks and refining PORT-VaR techniques to enhance
robustness across various domains.
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