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Abstract: In this paper, we propose a weighted Lindley (NWLi) model for the analysis
of extreme historical insurance claims. It extends the classical Lindley distribution by
incorporating a weight parameter, enabling more flexibility in modeling insurance claim
severity. We provide a comprehensive theoretical overview of the new model and explore
two practical applications. First, we investigate the mean-of-order P (MOOP(P)) approach
for quantifying the expected claim severity based on the NWLi model. Second, we imple-
ment a peaks over a random threshold (PORT) analysis using the value-at-risk metric to
assess extreme claim occurrences under the new model. Further, we provide a simulation
study to evaluate the accuracy of the estimators under various methods. The proposed
model and its applications provide a versatile tool for actuaries and risk analysts to analyze
and predict extreme insurance claim severity, offering insights into risk management and
decision-making within the insurance industry.

Keywords: extreme claim; Lindley model; mean-of-order P; peaks over a random threshold;
value-at-risk; weighted models

1. Introduction
The Lindley (Li) distribution is a very important tool in insurance and actuarial

sciences, due to its flexibility and applicability in modeling claim count data and event
occurrences [1]. In insurance, it is used to model the number of insurance claims or the
frequency of certain events occurring within a given time frame. It is particularly useful for
situations where the data exhibit overdispersion (higher variability than expected under
a Poisson distribution) or where there is a clustering of events. Actuaries adopt the Li
distribution to develop risk models that account for the nature of claims and events. This
distribution can effectively capture scenarios where the occurrence of events is influenced
by previous events, which is a common characteristic in insurance claims (e.g., accident-
prone areas or policyholders).

Actuaries often use the standard Li distribution to analyze historical claims data and
forecast future claim frequencies. By fitting this distribution to observed data, actuaries
can estimate the likelihood of different claim scenarios and assess associated risks more
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accurately [2,3]. Understanding the distribution of claim counts is crucial for risk man-
agement in insurance. The Li distribution allows insurers to calculate probabilities for
different levels of claim frequency, aiding in setting appropriate premiums and reserves.
While primarily used in insurance and actuarial contexts, it also finds applications in other
fields such as reliability engineering, epidemiology, and queuing theory, where modeling
event occurrences over time is essential. However, it has many defects related to its limited
flexibility and application. For this reason, we present an updated and more flexible version
of the Li distribution, called the weighted Lindley (NWLi) model, for the analysis and
treatment of actuarial risks. We will show its flexibility for studying and comparing a set of
risk indicators.

Actuarial data often exhibit skewed or asymmetric characteristics, which can be
challenging when modeling standard symmetric distributions. Weighted distributions can
be tailored to address such asymmetry by assigning different weights to various parts of
the distribution, thus providing a more accurate representation of the data. In insurance
and risk management, outliers or extreme values can have significant implications but
are often poorly handled by standard distributions. Weighted distributions can assign
lower weights to extreme values, thereby reducing their influence on the overall model and
improving robustness against outliers [4,5].

The MOOP(P) and peaks over a random threshold–value-at-risk (PORT-VaR) estima-
tors play a crucial role in dealing with historical claims data by providing robust tools
for analyzing tail risks, quantifying extreme loss events, supporting risk management
decisions, and ensuring regulatory compliance within the insurance industry [6]. Their
practical importance lies in enhancing insurers’ ability to understand and mitigate the
impact of extreme events on their business operations and financial stability.

This paper is summarized as follows. Section 2 defines the NWLi distribution, and
presents some useful motivations. Some structural properties of the proposed distribution
are investigated in Section 3. Five alternative methods for estimating the model param-
eters are introduced in Section 4. Some simulations are presented in Section 5. Two real
applications to show the utility of the new model are discussed in Section 6. The theory of
the risk indicators is addressed in Section 7. The historical claims analysis, including the
MOOP(P) assessments and optimal order of P and PORT-VaR estimator for extreme claims,
is summarized in Section 8. Finally, Section 9 concludes the paper.

2. The Model
Following the principle of distributional weighting, the cumulative distribution func-

tion (CDF) of the two-parameter weighted Lindley distribution is

F(x) ≡ F(x; α, β) =
1 −

(
1 + α

α+1 x
)
e−αx

1 +
(

1 + β
β+1 x

)
e−βx

=
1 − ω(x; α)

1 + ω(x; β)
, x > 0, (1)

where α > 0 and β > 0 are two shape parameters and

ω(x; β) =

(
1 +

β

β + 1
x
)

e−βx.

Its probability density function (PDF) is

f (x) ≡ f (x; α, β) =

α2

1+α (1 + x)e−α x[1 + ω(x; β)] +
β2

1+β (1 + x)[1 − ω(x; α)]

[1 + ω(x; β)]2
. (2)
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For α = β, Equation (2) reduces to

f (x; α) =
2α2 (1 + x)e−α x

(1 + α)
[
1 + (1 + α x

1+α )e
−α x

]2 = w(x) fLi(x; α),

where
w(x) =

2[
1 + (1 + α x

1+α )e
−α x

]2

and

fLi(x; α) =
α2 (1 + x)e−α x

1 + α

denotes the PDF of the Lindley distribution with parameter α. This means that the new
model is a weighted Lindley distribution.

Figure 1 displays plots of the NWLi density for certain parameter values, where the
new density can be right skewed with no peaks, right skewed with one peak, a wide peak,
and sharpened peak.

The hazard rate function (HRF) of the NWLi model reduces to

h(x) ≡ h(x; α, β) =

β2

1+β (1 + x)e−βx[1 − ω(x; α)] + α2

α+1 (1 + x)e−αx[1 + ω(x; β)]

[1 + ω(x; β)][ω(x; α) + ω(x; β)]
. (3)
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Figure 1. Plots of the NWLi density.

Figure 2 reports some hazard rate plots, which reveal that the new HRF can be
decreasing-constant, increasing-constant, upside down, and bathtub.

The NWLi model and its applications have several important scientific motivations,
particularly in addressing critical needs within the insurance industry. Some of them are
as follows:

• The development and application of the NWLi model represents a novel advancement
in statistical modeling techniques tailored specifically for extreme insurance claims.
Therefore, this article contributes to the ongoing evolution of statistical methods in
risk assessment and management.

• This paper addresses a significant knowledge gap in the analysis of sudden large losses
within insurance companies. The results and methodologies presented offer valuable
insights into modeling extreme claim severity, which is essential for developing
effective risk management strategies.
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• This work can directly benefit insurance companies by providing practical tools and
methodologies to assess and mitigate sudden large losses. By showcasing the relevance
and impact of the NWLi model in addressing real challenges, the paper serves as a
valuable resource for industry practitioners.

• Insurance companies rely on scientific evidence and rigorous methodologies to make
informed decisions about risk exposure and financial resilience. The NWLi model can
support evidence-based decision-making in insurance practices.

• It encourages innovative approaches that can enhance the resilience and competitive-
ness of insurance companies in addressing sudden large and extreme losses.
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Figure 2. Plots of the NWLi HRF.

3. Properties
For the following properties, let X ∼NWLi(α, β).

3.1. Asymptotic Properties

The following asymptotic results hold when x → 0+:

F(x) ∼ αx, f (x) ∼ α, h(x) ∼ α

1 − α x
.

Let δ = min(α, β). If x → ∞, then the asymptotic behaviors hold

1 − F(x) ∼ δx
1 + δ

e−δx, f (x) ∼ δx
1 + δ

e−δx, h(x) ∼ δ.

3.2. Moments

The nth ordinary moment of X follows as

E(Xn) = n
∫ ∞

0
xn−1 ω(x; α) + ω(x; β)

1 + ω(x; β)
dx

= n
∞

∑
i=0

(−1)i
∫ ∞

0
ω(x; β)i xn−1 [ω(x; α) + ω(x; β)]dx

=
∞

∑
i=0

i

∑
j=0

(−1)i
(

i
j

)(
β

β + 1

)j ∫ ∞

0
xn+j−1e−iβx [ω(x; α) + ω(x; β)]dx.
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By using a power series, we obtain

E(Xn) =
∞

∑
i=0

i

∑
j=0

(−1)i
(

i
j

)(
β

β + 1

)j [ Γ(n + j)

(iβ + β)n+j +
βΓ(n + j + 1)

(1 + β)(iβ + β)n+j+1 (4)

+
Γ(n + j)

(iβ + α)n+j +
αΓ(n + j + 1)

(α + 1)(iβ + α)n+j+1

]
,

where Γ(·) is the usual gamma function.
We calculate the mean, skewness, and kurtosis of X from (4). The plots of these

measures are reported in Figure 3. The superiority of the proposed model over the Li
distribution is noted.

The nth lower incomplete moment of X

mn(x) ≡ E(Xn|X ≤ x) =
1

F(x)

∫ x

0
tn f (t)dt,

follows as

mn(x) =
1

F(x)

∫ x

0
tn

β2

1+β (1 + t)e−βt[1 − ω(t; α)] + α2

1+α (1 + t)e−αt[1 + ω(t; β)]

[1 + ω(t; β)]2
dt.

By using the expansion for any |t| < 1, we can write

1
(1 + t)2 =

∞

∑
i=0

(−1)i(i + 1)ti,

we have

mn(x) =
1

F(x)

∫ x

0
tn

∞

∑
i=0

(−1)i(i + 1)ω(t; β)i
[ β2

1 + β
(1 + t)e−βt[1 − ω(t; α)]

+
α2

1 + α
(1 + t)e−αt[1 + ω(t; β)]

]
dt

=
1

F(x)

∫ x

0

∞

∑
i=0

i

∑
j=0

(−1)i
(

i
j

)
(i + 1)(

β

β + 1
)jtn+je−iβt

[ β2

1 + β
(1 + t)e−βt

[1 − ω(t; α)] +
α2

1 + α
(1 + t)e−αt[1 + ω(t; β)]

]
dt.

Finally,

mn(x) =
1

F(x)

∞

∑
i=0

i

∑
j=0

qi,j

[ α2 β γ(n + j + 3, (α + (i + 1)β)x)
(α + 1)(β + 1) (α + (i + 1)β)n+j+3 +

α2 γ(n + j + 1, (α + (i + 1)β)x)
(α + 1) (α + (i + 1)β)n+j+1

+
α2 γ(n + j + 2, (α + (i + 1)β)x)
(α + 1) (α + β(i + 1))n+j+2 +

α2 β γ(n + j + 2, (α + (i + 1)β)x)
(α + 1)(β + 1) (α + (i + 1)β)n+j+2

+
α2 γ(n + j + 1, (α + iβ)x)
(α + 1) (α + iβ)n+j+1 +

α2 γ(n + j + 2, (α + iβ)x)
(α + 1) (α + iβ)n+j+2

− α β2 γ(n + j + 3, (α + (i + 1)β)x)
(α + 1)(β + 1) (α + (i + 1)β)n+j+3 − α β2γ(n + j + 2, (α + (i + 1)β)x)

(α + 1)(β + 1) (α + (i + 1)β)n+j+2

− β2 γ(n + j + 1, (α + (i + 1)β)x)
(β + 1) (α + (i + 1)β)n+j+1 − β2 γ(n + j + 2, (α + (i + 1)β)x)

(β + 1) (α + (i + 1)β)n+j+2

− β2 γ(n + j + 1, (i + 1)βx)
(β + 1) ((i + 1)β)n+j+1 − β2 γ(n + j + 2, (i + 1)βx)

(β + 1) ((i + 1)β)n+j+2

]
,



Stats 2025, 8, 8 6 of 19

where

qi,j = (−1)i (i + 1)
(

i
j

)(
β

β + 1

)j
,

and
γ(s, x) =

∫ x

0
ts−1 e−tdt

is the lower incomplete gamma function.
The mean deviations of X about any point (for example, mean and median) and the

Bonferroni and Lorentz curves can be easily calculated from its first incomplete moment
m1(x) and quantile function u = F−1(x), determined numerically from (1).
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Figure 3. 3D plots of (a) mean, (b) variance, (c) skewness and (d) kurtosis of WLi(α, β). These plots
show the effect of parameters on these measures.

4. Estimation Methods
4.1. Maximum Likelihood

We estimate the parameters of the NWLi model using the maximum likelihood (ML)
method. If x1, · · · , xn is a random sample of size n from the NWLi(α, β) distribution and
θ = (α, β)⊤ is the parameter vector, we have

F(x) =
p(x)
q(x)

, f (x) =
r(x)q(x)− s(x)p(x)

q(x)2 ,

where
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p(x) = 1 − ω(x; α), q(x) = 1 + ω(x; β),

r(x) =
dp(x)

dx
=

α2

1 + α
(1 − x)e−αx,

s(x) =
dq(x)

dx
= − β2

1 + β
(1 + x)e−βx.

The log-likelihood function for θ has the form

ℓ(θ) =
n

∑
i=1

log[r(xi)q(xi)− s(xi)p(xi)]− 2
n

∑
i=1

log[q(xi)].

The parameter estimates can be found by maximizing ℓ(θ) using numerical methods;
e.g., the AdequacyModel function [7] of the R software.

Furthermore, we can derive the likelihood equations by differentiating ℓ(θ) in relation
to the parameters

∂ℓ(θ)

∂α
=

n

∑
i=1

r(α)i qi − si p
(α)
i

riqi − si pi

= 0,

∂ℓ(θ)

∂β
=

n

∑
i=1

riq
(β)
i − s(β)

i pi

riqi − si pi
−

n

∑
i=1

q(β)
i
qi

= 0,

where

r(α)i =
∂ri
∂α

= (1 − xi)

[(
1 − 1

(1 + α)2

)
− α2

1 + α
xi

]
e−αxi ,

s(β)
i = −(1 + xi)

[(
1 − 1

(1 + β)2

)
− β2

1 + β
xi

]
e−βxi ,

p(α)i =

(
1 +

1
(1 + α)2 − αxi

α + 1

)
xie−αxi ,

q(β)
i =

(
−1 +

1
(1 + β)2 − βxi

β + 1

)
xie−βxi .

The Hessian matrix H(θ) is derived by taking the second derivatives of ℓ(θ) with
respect to α and β:

H(θ) =

 ∂2ℓ
∂α2

∂2ℓ
∂α∂β

∂2ℓ
∂β∂α

∂2ℓ
∂β2

.

The inverse of −H(θ) provides an asymptotic variance–covariance matrix of the ML
estimators. Under regularity conditions, these estimators are asymptotically normal:

θ̂ ∼ N2(θ, [H(θ)]−1),

where N2 denotes the bi-variate normal random variable.
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4.2. Least Squares

The estimates in the least squares estimation (LSE) method are found by minimizing
the function

SLSE(α, β) =
n

∑
i=1

[
F(xi:n; α, β)− i

n + 1

]2
,

where, from now on, x1:n, · · · , xn:n are the ordered observations.

4.3. Weighted Least Squares

The objective function of the weighted least squares estimation (WLSE) has the form

SWLSE(α, β) =
n

∑
i=1

(n + 1)2 (n + 2)
i(n − i + 1)

[
F(xi:n; α, β)− i

n + 1

]2
.

4.4. Cramér-Von Mises

The objective function of the Cramér-von Mises estimator (CME) is

SCME(α, β) =
1

12n
+

n

∑
i=1

[
F(xi:n; α, β)− 2i − 1

2n

]2
.

4.5. Anderson–Darling

The Anderson–Darling estimator (ADE) [8] and right-tailed Anderson–Darling esti-
mator (RTADE) are defined by minimizing

SADE(α, β) = −n − 1
n

n

∑
i=1

(2i − 1)
[
log F(xi; α, β) + log F(xn+1−i; α, β)

]
,

SRTADE(α, β) =
n
2
− 2

n

∑
i=1

F(xi; α, β)− 1
n

n

∑
i=1

(2i − 1) log F(xn+1−i; α, β),

respectively, where F(·) = 1 − F(·).
The estimates of the parameters are determined by equating the first partial derivatives

of these functions to zero. The nonlinear equations are solved numerically using Rsoftware
version 4.4.1.

5. Simulations
Some simulations were conducted to evaluate different estimation methods for the

parameters α and β in the NWLi distribution. Initially, a set of parameters was selected,
namely (α, β) = (0.6, 0.5) and (α, β) = (0.5, 0.4). Further, for each of these parameter sets,
samples were generated from the NWLi distribution with sample size n = 50, 100, · · · 500.
The biases and mean squared errors (MSEs) of the estimators were calculated from

Bias(α̂) =
1

1000

1000

∑
i=1

(α̂i − α), Bias(β̂) =
1

1000

1000

∑
i=1

(β̂i − β),

MSE(α̂) =
1

1000

1000

∑
i=1

(α̂i − α)2, MSE(β̂) =
1

1000

1000

∑
i=1

(β̂i − β)2.

Therefore, α̂i and β̂i denote the estimators of α and β obtained from these methods.
Figures 4 and 5 reveal that these estimation methods performed well for this model.

The MSEs for the MLE and WLSE were the lowest, thus indicating these as the best
estimators. Consequently, the aforementioned methods provided the best estimation for
the proposed model.
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Figure 4. Findings from the methods under (α, β) = (0.6, 0.5).

Figure 5. Findings from the methods under (α, β) = (0.5, 0.4).
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6. Applications
We present two applications of the new model and compare it to other distributions,

namely: log-logistic half-logistic (NOLL-HL) [9], power Lindley (PLi) [10], Weibull (W),
Li [11], generalized exponential (GE) [12], and an extension of the exponential (NH) [13].
The best model was chosen based on Cramér-von Mises (W), Anderson–Darling (A), Akaike
information criterion (AIC), and Bayesian information criterion (BIC). The maximum
likelihood estimates (MLEs), their standard errors (SEs), and the statistics were found using
the AdequacyModel function [7] of R software.

6.1. Failure Times

The failure times of 50 components (per 1000 h) [14] are 0.036, 0.058, 0.061, 0.074, 0.078,
0.086, 0.102, 0.103, 0.114, 0.116, 0.148, 0.183, 0.192, 0.254, 0.262, 0.379, 0.381, 0.538, 0.570,
0.574, 0.590, 0.618, 0.645, 0.961, 1.228, 1.600, 2.006, 2.054, 2.804, 3.058, 3.076, 3.147, 3.625,
3.704, 3.931, 4.073, 4.393, 4.534, 4.893, 6.274, 6.816, 7.896, 7.904, 8.022, 9.337, 10.940, 11.020,
13.880, 14.730, 15.080.

The estimated parameters, their SEs, and the goodness-of-fit statistics for each of the
models are reported in Table 1. In addition, the NWLi density fit is illustrated in Figure 6
for the failure time data. It is noted that these statistics for the NWLi model had the
lowest values. Therefore, this model provided a better fit to the data compared to the other
competing models.

Table 1. Findings from the fitted models and adequacy measures. Lowest values are marked in bold.

Model MLE W A AIC BIC
(SE)

NWLi(α, β) 3.96 0.382 0.0426 0.351 197.629 201.453
(0.9) (0.05)

LN(α, β) 0.58 1.8 0.18 1.13 210.068 213.89
(0.25) (0.18)

NH(α, β) 3.25 0.35 0.176 1.09 210.24 214.067
(1.91) (0.07)

Ga(α, β) 0.545 0.163 0.148 0.948 208.87 212.69
(0.090) (0.040)

PL(α, β) 0.93 0.58 0.156 0.983 209.49 213.31
(0.122) (0.06)

W(α, β) 0.54 0.66 0.152 0.954 208.73 212.55
(0.099) (0.074)

GE(α, β) 0.194 1.536 0.147 0.941 208.745 212.569
(0.043) (0.09)

Li(α) 0.45 0.172 1.111 242.36 244.27
(0.513)

NOLL-HL(α, β) 0.69 0.246 0.103 0.96 204.62 208.44
(0.112) (0.044)
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Figure 6. Estimated NWLi density for failure times.

6.2. Survival Data

The data referring to 48 patients who underwent allogeneic hematopoietic stem cell
transplantation for multiple myeloma [15] are as follows: 1, 1, 2, 2, 2, 3, 5, 5, 6, 6, 6, 6, 7, 7, 7,
9, 11, 11, 11, 11, 11, 13, 14, 15, 16, 16, 17, 17, 18, 19, 19, 24, 25, 26, 32, 35, 37, 41, 42, 51, 52, 54,
58, 66, 67, 88, 89, 92.

Figure 7 shows the NWLi density fitted to the survival data and Table 2 reports the
MLEs and SEs for the various models along with the adequacy measures. It can be seen
that NWLi was the best model for the current data.
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Figure 7. Estimated NWLi density for survival data.

Table 2. Findings from the fitted models and adequacy measures. Lowest values are marked in bold.

Model MLE W A AIC BIC
(SE)

NWLi(α, β) 0.206 0.060 0.034 0.242 404.042 407.784
(0.036) (0.009)

LN(α, β) 2.647 1.149 0.043 0.366 407.53 411.272
(0.166) (0.117)

NH(α, β) 0.047 0.923 0.068 0.418 407.042 410.518
(0.027) (0.308)

Ga(α, β) 1.045 0.043 0.074 0.450 406.768 410.510
(0.188) (0.010)

PL(α, β) 0.184 0.7478 0.069 0.431 407.139 410.882
(0.046) (0.071)
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Table 2. Cont.

Model MLE W A AIC BIC
(SE)

W(α, β) 0.040 1.007 0.0747 0.453 604.832 410.565
(0.017) (0.112)

GE(α, β) 0.042 1.053 0.074 0.448 406.755 410.497
(0.008) (0.202)

Li(α) 0.079 0.094 0.567 416.208 418.170
(0.008)

7. Risk Indicators
7.1. The Mean of Order P and Optimal Order of P

The MOOP(P) estimators provide a flexible parametric framework for estimating
tail risks associated with historical claims data. By selecting an appropriate order P, the
MOOP(P) estimator can capture different characteristics of the distribution’s tail, which is
crucial for modeling extreme events in insurance. In addition, these estimators focus on tail
behavior, particularly the heavy-tailedness of claim distributions. This is an important issue
in insurance, where rare but severe events (e.g., catastrophic losses) can significantly impact
risk assessment and pricing. Moreover, they are utilized in reinsurance to assess the tail
risk of aggregated claims. Re-insurers use these estimators to understand potential losses
due to rare and severe events, helping them manage risk exposure more effectively [16].

The MOOP(P) analysis is a statistical technique used to describe the typical behavior
or central tendency of a dataset by considering different orders of moments. MOOP(P) is
computed by raising each data point to a positive integer power P, and then averaging
these values. This method was formally defined by [16]. The choice of the optimal P
in MOOP(P) analysis involves selecting the most appropriate value of P that provides
meaningful insights into the dataset’s characteristics or distribution. The selection of P can
influence how sensitive the analysis is to various aspects of the dataset. Typically, MOOP(P)
is calculated for a range of p values (e.g., p = 1, 2, . . .) to explore different moments and
their impacts on the dataset. Comparing MOOP(P) values across different orders of P
allows researchers to identify patterns, trends, or critical points in the data. Lower values
of P (e.g., p = 1) emphasize linear relationships and the overall distribution, while higher
values of P capture more complex or extreme variations within the dataset. The choice of
the optimal P is determined based on the specific objectives of the analysis, aiming to strike
a balance between sensitivity to dataset variations (higher P) and the risk of overfitting
or loss of generality (lower P). MOOP(P) analysis and the selection of the optimal P have
diverse applications across various fields. For instance, in finance, selecting the optimal P
can assist in risk assessment and modeling, while in signal processing or image analysis, it
can reveal important features or patterns within data.

7.2. The PORT-VaR Estimator

The PORT-VaR estimator focuses on estimating the VaR associated with extreme
loss events based on ordered claims data. This helps insurers understand the potential
magnitude of losses beyond certain thresholds. It provides insights into tail risk, which is
essential for understanding the potential impact of extreme events on an insurer’s financial
position. Insurers can use PORT-VaR to accurately quantify tail risk exposure [17]. The
algorithm below provides a systematic approach to quantifying extreme risks beyond a
specified threshold, which is essential for risk management and decision-making in various
domains, including insurance, finance, and actuarial sciences:
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1. Gather the historical claims data, say X1, · · · , Xn, where each Xi represents a
claim amount.

2. Choose a threshold U based on the desired risk level or severity of extreme events.
This threshold should typically be higher than the majority of the claim amounts in
the dataset.

3. Determine all claim amounts Xi that exceed the threshold U. Let X(1), X(2) < · · · < X(k)
be the ordered exceedances, where k is the number of exceedances.

4. Compute the VaR at a specified confidence level ε using the estimated parameters of
α and β. The VaR at confidence level ε represents the threshold beyond which the risk
of extreme events (exceedances) is considered.

5. Finally, the PORT-VaR is estimated as the expected value of the exceedances above
the threshold U based on the fitted WLi parameter.

8. Historical Claims Analysis
8.1. The MOOP(P) Assessments and Optimal Order of P

MOOP(P) assessments involve calculating the average behavior or central tendency of
a dataset using different orders of P. Selecting the optimal P is crucial in determining the
sensitivity and granularity of risk analysis. Here, we present an expanded explanation of
MOOP(P) assessments and the importance of choosing the optimal P.

Table 3 provides the MOOP(P) assessment, including the true mean value (TMV), mean
squared error (MSE), and bias for P = 1, . . . , 5, n = 5000 and certain parameter values.

Table 3. MOOP(P) assessment.

P → 1 2 3 4 5

α0 = 1, β0 = 1
TMV 0.1390

MOOP 5.852 × 10−5 0.0002 0.0003 0.0004 0.0005
MSE 0.0193 0.0193 0.0193 0.0193 0.0193
Bias 0.1390 0.1390 0.1389 0.1389 0.1389

α0 = 2.5, β0 = 100
TMV 0.5491

MOOP 5.852 × 10−5 0.0002 0.0003 0.0004 0.0005
MSE 0.3015 0.3013 0.3011 0.3010 0.3009
Bias 0.5491 0.5489 0.5488 0.5487 0.5485

α0 = 100, β0 = 0.5
TMV 0.5194

MOOP 0.0032 0.0128 0.0185 0.0237 0.0298
MSE 0.2664 0.2566 0.2508 0.2456 0.2397
Bias 0.5162 0.5065 0.5008 0.4956 0.4896

α0 = 0.1, β0 = 0.1
TMV 0.002

MOOP 2.9699 × 10−7 1.2063 × 10−6 1.7511 × 10−6 2.2556 ×10−6 2.8527 × 10−6

MSE 8.4937 × 10−6 8.4884 × 10−6 8.4853 × 10−6 8.4823 × 10−6 8.4789 × 10−6

Bias 0.0029 0.0029 0.0029 0.0029 0.0029

α0 = 1000, β0 = 1000
TMV 0.9988

MOOP 0.0326 0.1304 0.1877 0.2388 0.2949
MSE 0.9335 0.7539 0.6577 0.5776 0.4954
Bias 0.9661 0.8683 0.8110 0.7600 0.7038
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The findings in Table 3 (the first scenario) for α0 = 1, β0 = 1 imply that

1. The true mean value provides a baseline reference point for comparison with the
estimated MOOP.

2. The MOOP values decrease with increasing P, reflecting the increasing complexity
and variability captured by higher-order moments. The corresponding MSE values
show a slight improvement with higher P, thus indicating reduced error in estimation
as more moments are considered.

3. The bias decreases when P increases, thus suggesting more accurate estimation of the
true mean with higher-order moments. The bias values converge towards the true
mean when P increases.

4. The results suggest that considering higher-order moments (increasing P) leads to a
better estimation accuracy (lower MSE and bias) but with diminishing improvements
beyond a certain point. This analysis highlights the trade-off between model complex-
ity (capturing more variability) and estimation accuracy, emphasizing the importance
of selecting an optimal order P based on the specific objectives and requirements of
the analysis.

The findings in Table 3 (the second scenario) for α0 = 2.5, β0 = 100 indicate that

1. The true mean value provides a reference point for evaluating the performance
of MOOP.

2. Higher-order moments (larger P) captured more variability and detail in the dataset,
as evidenced by the increasing values of MOOP.

3. Both the MSE and bias decrease with increasing P, thus indicating improved accuracy
and closer approximation to the true mean as more moments are considered.

4. This analysis highlights the importance of selecting an optimal order P based on the
trade-off between complexity (capturing more details) and accuracy (minimizing bias
and MSE). In this case, P = 5 appears to provide a good balance between model
complexity and estimation accuracy.

5. The results demonstrate the impact of different moment orders on estimating the true
mean value, with higher-order moments leading to improved accuracy but potentially
increasing model complexity. The choice of P should be carefully considered based
on the specific objectives and requirements of the analysis.

Based on the results in Table 3 (the third scenario) for α0 = 100, β0 = 0.5, it is noted that

1. The decreasing trend in MSE and bias when P increases indicates that higher-order mo-
ments captured more of the dataset’s variability, leading to more accurate estimations
of the true mean value.

2. The results suggest that using moments of higher orders (P) improves estimation
accuracy, with diminishing improvements when P increases. In this case, P = 5
provides a good balance between capturing variability and minimizing bias and MSE.

3. These findings emphasize the importance of considering higher-order moments in
statistical analyses, especially for capturing complex patterns and variability in datasets.
Selecting the appropriate order of moments depends on the specific characteristics and
goals of the analysis, balancing model complexity with the need for accurate estimation.

The results in Table 3 (the fourth scenario) for α0 = 0.1, β0 = 0.1 imply that

1. The extremely small values of MOOP, MSE, and bias suggest that the higher-order
moments (P) captured minute variations and details in the dataset, leading to very
accurate estimations of the true mean value.

2. In this case, the diminishing improvements in MSE and bias when P increased suggest
that, even with very high-order moments, the estimates were already very close to the
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true mean. This indicates that capturing higher-order variability may not significantly
enhance the estimation in this specific context.

3. These results demonstrate the high level of precision and accuracy achieved in estimat-
ing the true mean value using moments of varying orders. The findings underscore the
importance of understanding the sensitivity of moment-based estimators to different
levels of data complexity and variability.

The results in Table 3 (the fifth scenario) for α0 = 1000, β0 = 100 demonstrate that

1. The decreasing trend in MSE and bias as P increases suggests that higher-order
moments (P) captured more of the variability and complexity in the dataset, leading
to improved estimations of the true mean value.

2. In this case, the diminishing MSE and bias with increasing P suggest that using
higher-order moments (P = 5) provides a good balance between capturing sufficient
variability and minimizing estimation error.

3. These results demonstrate the importance of considering higher-order moments in
statistical analyses to capture complex patterns and variability in datasets. The
findings highlight the trade-off between model complexity (higher P) and accuracy in
estimating statistical parameters like the mean.

Across all scenarios, the MOOP values decreased with increasing P, thus indicating
that higher-order moments capture more dataset variability and complexity. Correspond-
ingly, the MSE and bias decreased with higher P, thus suggesting an improved estimation
accuracy and closer approximation to the true mean value.

8.2. PORT-VaR Estimator for Extreme Claims

The PORT-VaR estimator allows insurers to focus on extreme events or “peaks” in
claim sizes that exceed a specified threshold. This approach helps in understanding and
quantifying tail risks, which are critical for insurers dealing with rare but potentially high-
impact claims. Practically, insurance companies need to be prepared for extreme events that
could lead to significant losses. The PORT-VaR estimator helps identify and quantify these
tail risks, providing insights into the potential magnitude of losses beyond conventional
risk measures. For this purpose, we present a comprehensive PORT-VaR analysis for
extreme claims.

The results are given in Table 4, where certain confidence levels are considered, such
as 50%, 70%, 75%, 80%, 85%, 90%, 95% and 99%. The relationship between the increasing
confidence level and decreasing number of identified PORTs reflects a shift towards more
conservative risk management, where stricter thresholds are applied to identify only the
most significant or extreme claims in the dataset. This understanding helps in assessing
risk tolerance and making informed decisions about risk management strategies based on
the level of acceptable risk.

On the other hand, the MOOP|(P = 1, . . . , 5) values were calculated for the claims data,
where MOOP = 75,672|P = 1, 16,463.05|P = 2, 10,393.24|P = 3, 8441.958|P = 4, 7548.389|P = 5.
They indicate that

1. The MOOP values showed a decreasing trend as the order of P increased from 1 to
5. This trend suggests that higher-order moments (larger values of P) captured less
variability and complexity in the dataset compared to lower-order moments.

2. The significant drop in MOOP from P = 1 to 2 indicates that the addition of a second
moment (P = 2) reduced the mean substantially, thus suggesting that the second
moment captured important aspects of the data distribution.
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3. If P increases more than 2, the reduction in MOOP becomes less pronounced, thus in-
dicating diminishing returns in terms of capturing additional variability or complexity
with higher-order moments.

4. The choice of the optimal P depends on balancing model complexity with the need to
capture essential characteristics of the data distribution. In this case, the significant
drop in MOOP from P = 1 to 2 suggests that a model with P = 2 may provide a good
compromise between simplicity and capturing variability.

Table 4. PORT-VaR analysis for extreme claims data.

CLs Number of PORT Min. 1st Qu. Median ExV 3rd Qu. Max.

50% 14 2320 3559 3966 4044 4340 6283
70% 19 1712 2299 3702 3518 4222 6283
75% 21 1320 2266 3511 3318 4150 6283
80% 22 1238 2084 3483 3224 4113 6283
85% 23 1180 1984 3455 3135 4076 6283
90% 25 956 1712 3215 2965 4001 6283
95% 26 629 1570 2768 2875 3984 6283
99% 27 587 1421 2320 2790 3966 6283

Table 4 presents an analysis of extreme claims data using the PORT-VaR methodology
for various confidence levels. Each row corresponds to a specific confidence level, and the
columns provide summary statistics of the extreme claims that exceeded the threshold at
each confidence level, where

1. For a 50% confidence level, there were 14 extreme claims that exceeded the thresh-
old. This indicates relatively common extreme claims occurrences within this
confidence interval.

2. If the confidence level increased, the number of extreme claims (PORT) also increased,
ranging from 19 at a 70% confidence level to 27 at a 99% confidence level. This
suggests a higher frequency of extreme claims events as we move towards higher
confidence levels, highlighting the tail risk in the claims data.

3. The minimum (Min) value of the extreme claims increased as the confidence level
decreased. This implies that lower confidence levels captured less severe but more
frequent extreme claims.

4. The 1st quartile (25% percentile) of the extreme claims also increased with decreasing
confidence levels, reflecting the distribution of less severe events.

5. The median of the extreme claims (50% percentile) generally increased with decreasing
confidence levels, representing the central tendency of extreme claim values at each
level of risk.

6. The mean of the extreme claims (ExV) showed a similar trend, thus increasing with
decreasing confidence levels.

7. The 3rd quartile (75% percentile) and maximum values of the extreme claims also
followed a pattern of increasing values with decreasing confidence levels.

8. The distribution of extreme claims varied across the different confidence levels, with
lower confidence levels capturing more frequent but less severe events, and higher
confidence levels focusing on rarer but more severe claims. The analysis emphasizes
the importance of understanding tail risk in insurance, as higher confidence levels
reveal the occurrence of more severe and less frequent claims that may have significant
financial implications. These results can support decision-making processes within
insurance companies, helping to assess the frequency and severity of extreme claims
events and inform risk management strategies.
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9. The PORT-VaR analysis in Table 4 provides valuable insights into the distribution
and characteristics of extreme claims data at different confidence levels. The detailed
summary statistics can help quantify tail risk and support informed decision-making
in insurance practices, aiding in risk assessment and mitigation strategies.

10. The distribution of extreme claims across different confidence levels shows that
lower confidence levels capture more frequent but less severe events, while higher
confidence levels focus on rare but more severe claims. Understanding this tail risk
is crucial in insurance, as it reveals severe and less frequent claims that may have
substantial financial implications. The insights from this analysis can support decision-
making processes within insurance companies, aiding in the assessment of extreme
claims frequency and severity to inform risk management strategies.

Overall, the PORT-VaR analysis presented in Table 4 offers valuable insights into
the distribution and characteristics of extreme claims data at varying confidence levels,
facilitating informed risk assessment and mitigation strategies in insurance practices.

9. Conclusions
In the paper, a novel model called the weighted Lindley model was introduced to ana-

lyze extreme historical insurance claims. It generalized the classical Lindley distribution by
introducing a weight parameter, which enhances the flexibility in modeling insurance claim
severity. A comprehensive theoretical overview of the properties of WLi was provided.
Additionally, two practical applications of the proposed model were explored. First, a
study was conducted using the mean-of-order P (MOOP(P)) approach to quantify expected
claim severity based on the WLi model. Second, a peaks over a random threshold analysis
was implemented using the value-at-risk metric to assess extreme claim occurrences within
the new model. Furthermore, a thorough simulation study was presented to assess the
estimator performance under various estimation methods, comparing and contrasting
these techniques. The proposed model and its applications can serve as a versatile tool for
actuaries and risk analysts in analyzing and predicting extreme insurance claims severity,
providing valuable insights for risk management and decision-making within the insur-
ance industry. The analysis across multiple scenarios based on MOOP(P) assessments
revealed key insights into the impact of moment order (P) on estimation accuracy and
model complexity.

In each scenario with varying parameter values (α0, β0) and dataset sizes (n = 5000),
the following trends and observations emerged:

1. MOOP values decrease with increasing P, thus indicating that higher-order moments
capture more variability and complexity within a dataset. This suggests that higher P
values lead to more detailed representations of the underlying distribution.

2. Both mean squared error and bias decrease when P increases. This trend signifies
improved accuracy in estimating the true mean value with higher-order moments.
The bias converges towards the true mean when P increases, indicating a more
accurate estimation.

3. The results highlight the trade-off between model complexity and estimation accuracy.
While higher p values generally lead to improved accuracy (lower MSE and bias), the
improvements are reduced beyond a certain point. Selecting an optimal P involves
balancing the need to capture dataset variability against increasing model complexity.

4. The optimal P varies across scenarios based on parameter values and dataset char-
acteristics. For instance, p = 5 often strikes a balance between capturing sufficient
dataset detail and minimizing bias and MSE.
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5. Extremely small values of MOOP, MSE, and bias in certain scenarios suggest that very
high-order moments may not significantly enhance estimation accuracy beyond a
certain threshold of complexity.

6. The findings underscore the importance of considering higher-order moments in statis-
tical analyses, particularly for capturing complex patterns and variability in datasets.

7. The choice of P should be tailored to specific analysis goals and dataset characteristics,
ensuring an optimal balance between model complexity and estimation accuracy.

8. The number of extreme claims exceeding the threshold increases with higher confi-
dence levels, ranging from 14 at a 50% confidence level to 27 at a 99% confidence level.
This highlights the higher occurrence of extreme events as the risk level increases.

9. As confidence levels decrease, the minimum value of extreme claims increases, indi-
cating less severe but more frequent events being captured at lower confidence levels.

10. The first and third quartiles of extreme claims values increase with decreasing confi-
dence levels, reflecting a shift towards less severe but more frequent events.

11. The median and mean values of extreme claims also increase with decreasing confi-
dence levels, indicating a shift towards higher values and greater severity at lower
confidence levels.

12. Lower confidence levels capture more frequent but less severe events, while higher
confidence levels focus on rarer but more severe claims. Understanding this tail risk
is crucial in insurance for assessing potential financial impacts.

13. The analysis provides valuable insights for insurance decision-making, facilitating
risk assessment and mitigation strategies by quantifying the frequency and severity
of extreme claims at different confidence levels.
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