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Abstract: In this article, a new extension of the standard Laplace distribution is introduced
for house price modeling. Certain important properties of the new distribution are deducted
throughout this study. We used the new extension of the Laplace model to conduct a
thorough economic risk assessment utilizing several metrics, including the value-at-risk
(VaR), the peaks over a random threshold value-at-risk (PORT-VaR), the tail value-at-risk
(TVaR), the mean of order-P (MO"), and the peaks over a random threshold based on the
mean of order-P (PORT-MO?). These metrics capture different facets of the tail behavior,
which is essential for comprehending the extreme median values in the Boston house price
data. Notably, PORT-VaR improves the risk evaluations by incorporating randomness into
the selection of the thresholds, whereas VaR and TVaR focus on measuring the potential
losses at specific confidence levels, with TVaR offering insights into significant tail risks.
The MO? method aids in balancing the reliability goals while optimizing the performance
in the face of uncertainty.

Keywords: Laplace; odd log-logistic; economic risk; extreme house price data; mean of
order-P; peaks over a random threshold; value-at-risk; tail behavior

1. Introduction

According to [1], the dynamics of housing markets are crucial for understanding
broader economic trends and stability. As fluctuations in house prices can significantly
impact household wealth, consumer confidence, and investment strategies, it is imperative
to develop robust statistical models that accurately assess these variations (see also [2]).
The study by [1] is an important contribution to the field of real estate economics and
predictive modeling [3-5]. By systematically comparing regression models for house price
predictions in Boston, the authors provide valuable insights that can enhance understanding
and decision-making within the housing market. Their work highlights the necessity of
continuous advancements in the analytical techniques to keep pace with the complexities
of real estate dynamics.

Significant contributions to the field of risk assessment and portfolio management
have emerged from a variety of researchers, with each advancing our understanding
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of financial risk dynamics. Ref. [6] delves into the effects of the thresholds (T},) within
both expected utility and mean-variance frameworks for asset allocation, emphasizing
the importance of recognizing when the losses exceed certain critical levels. This analysis
enhances the traditional approaches by integrating threshold effects, which can significantly
influence investment decisions and risk management strategies. In [7], the concept of tail
risk is expanded by introducing tail value (TV) premiums for elliptical portfolios, thereby
broadening the range of risk measures available to investors beyond the conventional
value-at-risk (VaR). Their work underscores the necessity of considering tail risk—events
that, while rare, can have substantial financial implications. Ref. [8] further builds on this
discourse by exploring tail mean variance (TMV) as a criterion for the optimal portfolio
selection. This approach offers a more nuanced framework for assessing risk and return,
particularly in the presence of extreme market movements. Similarly, ref. [9] suggests
the use of expectiles as an alternative to quantiles for estimating the VaR and expected
shortfall, providing an innovative perspective on how to quantify the potential losses in
uncertain environments. Ref. [10] focuses on loss modeling within the realms of insurance
and risk management, presenting methodologies for effectively addressing heavy-tailed
distributions and extreme loss scenarios. Their contributions are critical for actuaries
and risk managers who must account for infrequent but severe losses in their assessments.
Ref. [11] offers a comprehensive guide to modeling extreme events in finance and insurance,
serving as an invaluable resource for practitioners seeking to understand the intricacies
of tail risks and their implications for financial stability. Other notable research includes
studies on the impact of confidence levels in risk assessment [12], as well as analyses of
Burr and Pareto distributions [13], which enrich the toolkit available for risk measurement
and portfolio optimization. Ref. [14] contributes to the development of portfolio models
specifically designed for VaR estimation, enhancing the precision of the risk assessments
in financial contexts. Recent advancements have included the functional extensions to
portfolio analysis proposed by [15], as well as the introduction of innovative risk models
tailored to specific reliability and actuarial applications, such as the XGamma extension [16]
and Bayesian risk frameworks [17]. These developments reflect a shift towards more
sophisticated methodologies that capture the complexities of financial risks better. More-
over, new models, including the extended Gompertz model [18] and cutting-edge loss
probability models [19], signify ongoing progress in refining risk assessment techniques.
Together, these studies underscore the importance of employing advanced methods such
as the MO” in improving the accuracy and reliability of risk evaluations in financial and
economic settings. The integration of these sophisticated approaches not only enhances our
understanding of potential risks but also supports more informed decision-making among
investors and policymakers, ultimately contributing to greater financial resilience.

On the other hand, the Laplace distribution (Pierre-Simon Laplace, 1749-1827) is con-
sidered a location parameter [20] and is also known as the double exponential distribution
or two-tailed distribution [21]. Both normal and Laplace distributions are often used to
fit symmetric data (and more specifically to fit symmetric data with shorter tails than a
normal distribution); however, for long tails, the Laplace distribution is often used. The
PDF of Laplace distribution is given as

(x) = 0.5¢7%, x>0
97 05, x<o
On the other hand, the CDF of the Laplace distribution is given by

1—0.5e77, x>0
G(x) = y
0.5¢*, x <0.
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With the introduction of the Laplace distribution, several works have been carried out
on the development of the Laplace distribution considering different approaches, specially
in practical situations when asymmetry arises in the data and where the Laplace distribution
does not have a good fit. To asses these issues, ref. [21] proposed an asymmetrical version
of the Laplace distribution, adopting the idea of a skew-normal distribution [22]. This new
distribution is called the skew-Laplace (SLa) distribution and allows us to fit non-symmetric
unimodal data. Later on, continuous research was carried out on the generalization of the
SLa distribution to obtain different, new asymmetric Laplace distributions. For example,
the alpha skew-Laplace distribution [23], the Balakrishnan alpha beta skew-Laplace distri-
bution [24], and the multimodal skew Laplace distribution [25], among others, are some
models which include the SLa distribution from [21] as a special case and fit uni/bimodal
as well as multimodal data.

On the other hand, ref. [26] introduced a distinctive class of distributions with an
added shape parameter, 2 > 0, termed the odd log-logistic-G (OLL-G) family of distri-
butions. Recently, several researchers have extended the odd-log-logistic family, leading
to a variety of new distributions. Examples include the generalized odd log-logistic fam-
ily [27], the odd log-logistic normal (OLLN) distribution [28], the odd log-logistic log
normal distribution [29], and the odd log-logistic Student t distribution [30]. Another note-
worthy distribution within the OLL family, known as the Kumaraswamy odd log-logistic
distribution, was proposed by [31]. Additional advancements include the odd log-logistic
logarithmic generated family [32], the exponentiated odd log-logistic family [33], the odd
log-logistic exponentiated Weibull distribution [34], and the odd log-logistic Marshall-
Olkin power Lindley distribution [35]. Recently, ref. [36] introduced a new variant called
the NOLL-G family, expanding on the framework of [37].

Following [1], in this paper, we explore a novel approach to evaluating the economic
peaks and the associated risks in house prices using the new odd log-logistic standard
Laplace (NOLL-SLa) extension, a statistical model known for its ability to capture the
heavy-tailed behavior often observed in financial data. The traditional methods for as-
sessing risk, such as VaR and TVaR, PORT-VaR, MO?, and PORT-MO?, atypically rely on
normal distribution assumptions, which may not adequately reflect the complexities of real
estate markets. This research aims to demonstrate the efficacy of the Laplace distribution in
modeling house price dynamics, particularly in the presence of extreme events and eco-
nomic peaks. By applying this innovative approach, we provide insights into the predictive
power of the Laplace distribution and its implications for risk management and investment
decisions. Through an extensive empirical analysis of housing data, we investigate the
characteristics of the house price distributions and the frequency of extreme fluctuations.
Our findings contribute to a deeper understanding of market behavior and offer valuable
tools for policymakers and investors navigating the complexities of the real estate sector
(see [38,39] for more details).

Therefore, this article introduces a new family of Laplace distributions based on the
mechanism of [36]. This study also includes some important statistical properties of the
new distribution, along with some graphical illustrations of the cumulative distribution
(CDF) and probability distribution (PDF) functions. A location and scale extension of the
newly proposed PDF is also included throughout the study of the parameter estimation.
Further, a simulation study is conducted to observe the performance of the estimated
parameters of the new distribution. Finally, the flexibility, adaptability, and usefulness of
the new distribution are thoroughly checked using house price datasets. Comparisons
with other existing models are made using the Akaike information (AIC) and Bayesian
information (BIC) criteria. Further, a thorough economic risk assessment utilizing several
metrics for this new model is also presented.
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2. The New Odd Log-Logistic Standard Laplace Distribution

In this section, the CDF and PDF of the new distribution are defined and graphically
presented.

Definition 1. A random variable X is said to follow the NOLL-SLa distribution if its CDF is given as

o G(x)°
F = G(x)? + [1 - G(x)]" .

where a,b > 0, and G(x) and g(x) denote the CDF and PDF of the standard Laplace distribution,
respectively. The proposed distribution is denoted as NOLLSLa(a, b).

Definition 2. The corresponding PDF of the NOLLSLa(a, b) distribution is derived as

o _ &G 1 = G Ya+ (b — a)G(x)
It {G(x)7 +[1 - G(x)]}’ ’ (2)

where a,b > 0, and G(x) and g(x) denote the CDF and PDF of the standard Laplace distribution,
respectively.

Proof. It is simple to obtain (1) from (2). O

Remark 1. Some special cases of the NOLLSLa(a, b) distribution are given as follows:

i.  Fora = b, we obtain the odd log-logistic standard Laplace distribution;
ii. Fora=0b =1, we obtain the standard Laplace distribution.

The PDF of the NOLLSLa(a, b) distribution is depicted in Figure 1 for different values
of the parameter. Similarly, Figure 2 shows the plots of the CDF of the NOLLSLa(a, b)
distribution for different choices of the parameter. In the graphical illustration, the location
and scale parameters for the new distribution are assumed to be 0 and 1, respectively. From
Figure 1, it is clear that the left tail of the PDF depends only on parameter a, while the right
tail of the PDF depends only on parameter b. Again, for a = b = 1, the new distribution
is reduced to the standard Laplace distribution (see Figure 1d), while for a = b, the new
distribution is reduced to the odd log-logistic standard Laplace distribution (see Figure 1c).

2

1 2 3 4

— a-7.1,b209 — a->7.1,b>14 — a->7.1,b>18 — a—0.10,b-»39 — a->0.19,b->39 — a->0.33.b->39

(a) (b)

Figure 1. Cont.
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— a-0.6,b-»06 — a-=06,b>»1.0 — a-06,b->1.9 — a—=4,b»1 — a-2 b->1 — a-1,b->1
(c) (d)

Figure 1. Probability density function (PDF) of NOLLSLa(4, b) for several a and b parameters. (a) PDF
with large a and small b values to produce a right tail. (b) PDF with small 2 and large b values to
produce a left tail. (¢) PDF with small a2 and b values to concentrate the probability mass around 0.
(d) Moderate values of a and b to concentrate the probability mass between 0 and 1.

-6 -4 -2 2 4
— a>71,b509 — a-»71,b214 — a-7.1,b>18 — a-0.10,b-39 — a-0.19,b-3.9 — a—-0.33,b-39
(b)
10}

s o0 s -6 -4 -2 o 2 4 s
— a-06,b»06 — a-06,b»10 — a-06, b>19 — a>4,b>1 — a-2,bos1 — a->1, b1
(o) (d)

Figure 2. Cumulative Density Function (CDF) of NOLLSLa(a, b) for several a and b parameters
related to PDF of Figure 1. (a) CDF in the positive support with large a and small b. (b) CDF in the
negative support with small a2 and large b to produce a left tail. (c) CDF concentrated between —1 and
1 with small a and b values. (d) Moderate values of a and b to concentrate the CDF between —2 and 2.
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3. Main Properties

This section includes some important mathematical properties of the NOLLSLa(a, b)
distribution.

3.1. Asymptotics
The asymptotics of the CDF and the PDF as x — —co are given as

e\ * e\ *?
o~ (5) s ~a() ®
The asymptotics of the CDF and the PDF as x — oo are given as
e\ e\ ?
1_F(X>N(2>, f(x)~b<2). (4)

It can be observed that for x — —oo, the asymptotics of the CDF and the PDF only depends
on parameter 4 (i.e., a smaller value for a results in heavier tails, while a larger value for a
results in lighter tails). Therefore, both the PDF and the CDF in the left tail depend only
on parameter a (see Figures 1 and 2). On the other hand, for x — oo, the asymptotics of
the CDF and the PDF only depend on parameter b (i.e., the tail becomes heavier when b is
small and becomes lighter when b is large). Hence, both the PDF and the CDF in the right
tail depend only on parameter b (see Figures 1 and 2). In other words, | f(x) — fasm(x)| — 0
for x — too and |F(x) — Fasm(x)| — 0 for x — £o00, where fu5(x) and Fys(x) are the
asymptotics of the PDF and the CDF of the new distribution, respectively. Again, the
asymptotic results for the CDF and the PDF provide a good approximation for sufficiently
small values of x in the left tail, while in the right tail, the asymptotic results of CDF and
PDF provide a good approximation for large values of x.

3.2. Linear Combinations for the CDF and PDF
First, note that

G(x)" =

=
\

(1-G(x)))"
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where

Also,

Gy + 11— G = ¥ buG(x)", ©)
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Using the ratio of two power series, we can write
L= amG(¥)" _ ¢
Flx) =S————F7—— = AmG(x)™, 7
( ) Zm:()me(x)m mgo m ( ) ( )

where Ay = Z—, and for m > 1, we have
0

1 1 Z
Am = b [am — b L arbm_r]. (8)

The following equation shows that the CDF of the NOLLSLa(a, b) distribution can be
written as a linear combination of exponentiated standard Laplace distributions.

f(x)

[e)

E m/\m{gr(x)G(x)m*l

m=1
0o e* n
Zm:l m}\m Vi 7

©)
3.3. Moments and Incomplete Moments

Theorem 1. The n-th-order moment of NOLLSLa(a, b) distribution is obtained as

E(X")=T(r+1) i M+ i mf Am (10)
- moy 2= = 2 |
where T (a) = [;° 2" le~*dz denotes the gamma function.
Proof.
0 0 0 © 1\
/_oo X f(x)dx =Y n;)};m /_oo xXe™dx =T(r+1) ) (Zi')m):m'
m=1 m=1
And

(o]

0 o 1 00 m
[7 e = 3 man [Tvemary Lo rpen) 3 2y ]
0 m=1 0 H

=1

Adding the last two results obtained for x < 0 and x > 0, the final expression for the
r-th-order moment of the NOLLSLa(a, b) distribution is obtained. [J

Remark 2. Puttingr =1,2,3,4 into (10), the first four r-th-order moments of the NOLLSLa(a, b)
distribution are obtained as

EX)=— ).

m=1

/\m oo m—1 /\m
4 ’
2Mmm mZ::I ]g(:) 2tm

E(XZ) _ i Am + i mil /\Wl
iy 20 tm? i =0 Ym?
> 3) > mol gy
3\ m m
E(X)__ 2 2n171m3+ Z 2 i
m=1 =1 j=
) co m—1

+
m=1 2m=3m* mZ=:1 ]g
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Theorem 2. The r-th-order incomplete moment of the NOLLSLa(a, b) distribution is obtained as

my(y) = ! i {mz),\nm { (m:}r)lrf(r +1)— m 1 (T(r +1,—my) — rF(r)) }

+ Jg %{ (E:nl)zrﬂ r(r+1)+ m1 (F(r +1)-T(r+ 1,my)) }} ; (11)

fory >0, and

my(y) = F(ly) ’gl {mzi‘nm { (m*i)lrr(r +1) +m 1 (r(r +1,—my) — rr(r)) }

m—1 MmAm v o
+ Zé 2]'{:1 {(Eml)zﬂ L(r+1)—m" 1(1"(r+1) *F(r+1,my)> }} (12)
=

fory <O0.

Proof. The incomplete moment of the NOLLSLa(a, b) distribution is given by

m(y) = EX'IX <] = 5o [ v s

L %{%UH D+ (I +1) =T +1,my) H
£

m—1
m)‘m 0 r,—mx y r,—mx
_Z S {./700xe dx+./0 x'e” ™ dx

m_r+1 ( Y+ m Tl (F(r +1,—my) — rF(r)) }

I
—_
18
—
3
<
3
—N
—_
=
=
J’_
J—

m—1 m —1)"
R (e - (e -rrm) )
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3.4. The Moment Generating Function
Theorem 3. The moment generating function (MGF) of the NOLL-L(a, b) distribution is given by

m=1

Proof. For x <0,

=
|
—
(e}
N
g
—

|
3

(x)dx

|
gk
N‘§
3
—
X
=
=
3
=
S
R

3
ll

|
[1e
N
=
5|3
-|-§

3
Il
_

For x > 0,

Il
DTS
G
S—
Y
2
N\
3
=
[
=

Adding the two results obtained for x < 0 and x > 0, the final expression for the MGF of
the NOLLSLa(a, b) distribution is obtained. [

Remark 3. Replacing t with it in (13), the characteristic function (CF) of the NOLLSLa(a, b)
distribution is

= ; m+1t 2 Z 2]+1 1) (14)

m=1 j=0

Remark 4. Applying log on both sides of (13), the cumulant generating function (CGF) of the
NOLLSLa(a, b) distribution is

[ee]
= + e 15

m;l 2m m+lt mzl ]Z;‘) 2]+1 —1 ) ( )
3.5. Mean Deviation

Theorem 4. The mean deviation om the NOLLSLa(a,b) distribution about the mean p is ob-
tained as

01(x) = 2uF(u) — 2my(u)F(p), (16)

where my(y) is defined using the expression for the incomplete moment of the NOLLSLa(a, b)
distribution in (11) and (12).

Proof. One partial measure of the degree of dispersion within a population is the sum of
the departures from the mean and the median. The following definitions apply to these
deviations, which are also known as the mean deviation about the mean and the mean
deviation about the median:
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() =[x plf(x)dx,

() = [ = Mif(0),

respectively, where yt = E(X), and M denotes the median. Therefore, 1 (X) can be calcu-
lated as

() =[x plf(x)dx

=2uF(u) — 2/10 xf(x)dx
= 2uF(u) — 211.

Now, from the results of the incomplete moments for the NOLLSLa(a,b) distribution
mentioned in (11) and (12), I5 can be written as

L= i l—w{ni—l—mz(l"(z—my)—l)}

m=1

m

+ i‘j gﬁ'f{—nfz +m_2(1 —F(Z,my))}],

j=0

for p > 0. For u <0,

L= i l—mz)r:n{ﬂfz—i—mz(l“(l—my)—l)}

m=1

m—1

4 Z 1;11)‘:’1{_752 —m_z(Z—F(Z,my))}].

j=0

Hence, the final result for the mean deviation about the mean for the NOLLSLa(a,b)
distribution is obtained as 61 (x) = 2uF () — 2mq(u)F(p). O

Remark 5. Replacing the mean y with the median M in (16), the mean deviation in the
NOLLSLa(a,b) distribution about the median M, i.e., 5(X), can be obtained.

3.6. Order Statistics
Theorem 5. The PDF of the k-th-order statistics for the NOLLSLa(a, b) distribution is given as

n n—k n n—k

finl) = 32 T 0 (3) ("7 ) Agg @t n-wro,
k=i i=0

where As = [Z’;J;’O Y o(~1)7) " and

0.5¢*, x<0;
1-¢, x>0
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Proof. Assume that a random sample Xj, X, ..., X;; was taken from (2). Assume once
more that the associated order statistic is Xj.,;, < X5.; < ... < X;;.n. Then, the CDF of the
k-th-order statistic may be defined as

=3 () Pl [1- P

k=i

n n=k n\ (n—k
_ 1! P ()t
Er e ()(" )
¢ ”*ki (n\ (n—k G(x)" !
_k;i;o( D (k)< l )(c(x)u[l—c(x)}b)
Now,
G +1-cm)]™" = kif)c(x)k“m G
=
s kil-p . v bp
= 36 L (11 () ator
p= 9=
k41 oo
= 3 L (16
p=0q=
Hence,

n

Fi:n

n k k+1
(n\ (n—k G(x)k+D)
e (@)(" )z;tloz?_(](—lwc(x)k“pﬂ

(—1)! (:) (n l_ k) AG(x)t kD=t =pg),
0

Il
<}

i

|
-~

n

n
=)
k=i

i

where A; = [Z’;ilo Z;":O(—l)q]’l. Then, the PDF of the k-th-order statistic of the
NOLLSLa(a,b) distribution is obtained as

3.7. Quantiles and the Pseudo-Random Generator

Property 1. Let X ~ NOLLSLa(a,b). Then, the p-th (0 < p < 1) quantile is a solution of
the equation

b
Glxp)" = p[Glxp)" + (1= G(x)"] =0 (17)
Proof. Equation (17) is easy to obtain based on (1). O

Property 2. Let R ~ U(0,1). The pseudo-random number generator of X is a solution of
the equation

G(X)" — R [G(X)” +(1- G(X))b} = 0. (18)
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Proof. If R ~ U(0,1), then (1 — R)
O

~ U(0,1). Equation (18) is easy to obtain based on (17).

4. Parameter Estimation

This section concerns the parameter estimation of the NOLLSLa(a, b) distribution.
Firstly, an extension of the NOLLSLa(a, b) distribution is proposed considering the location
parameter i and the scale parameter ¢ > 0. The new PDF is denoted as NOLLSLa(y, 0, a,b),
and it is given by

b — SEROCERO TGkl et 0 —)Glska)] 4y

{G(x;1,0)7 + [1 - G(x; p, 0]t}

X—H
o

tesign(5 1) [1-ew (-2

2

where g(x; u,0) = % exp <—

G(x;p,0) =

and Sign(x) gives -1, 0, or 1 depending on whether x is negative, zero, or positive.

Now, consider a collection of # independent, identically distributed random variables,
Y1,Y2,Y3, - -, Yn, that are derived from the NOLLSLa(y,0,a,b) distribution. Then, the
log-likelihood function is obtained as follows:

o) =-Y

i=1

L n
ylay‘ (a—1) ZogG Yisu, 0

b—1) Zlog[l— (visp, o )}

n
+ Y log [a +(b—
i=1

VG m o }—ZZIOg{ (i1, @)" + (1= Gy, @)']. 20)

Differentiating Equation (20) with respect to each parameter, the derivatives of the
log-likelihood function are

ol(0) _ v~ 2a(b+ap —ay;) lyvi—pul EQ)(b—a)

ou l; b2(1+E(1))) 12” l; 1+ E2)*EQB)s’
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where E(1) = %’ +1,E(2) = exp(y;/o) +exp(u/c), E(3) = exp(%), and
PIE).

E(4) = E(1)" +exp((

One can now acquire the estimations by simultaneously solving the aforementioned
equations. However, the aforementioned normal equations do not have an explicit direct
solution. As a result, a numerical procedure can be built using the GenSA library in R
software version 4.4.1.
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5. The Simulation Study

Simulation research was carried out to assess the efficacy of the MLEs of 6 = (p, 0,4, b).
Careful consideration was given to how sensitive the simulation process was to the start-
ing parameters 6; = (u,0,a,b). The initial value for p was chosen from the interval
#s € (p—0.25 1+ 0.25), and those for the remaining parameters were chosen from
;s € (6 —0.25,0 + 0.25), where 0 = (0, a,b), to avoid the estimation problems that occur
when the initial values coincide with the input values of the pseudo-random number gen-
erator. The mean squared errors (MSEs) and biases of the estimations are used to provide
the estimated statistics (see Tables 1 and 2). The MSE and biases are defined as

Bias(9)
MSE(H)

E() -9,
V(0) + Bias(é)z,

respectively, where 6= (n,0,4, 19) The simulation study was performed with 103 samples
using sample sizes n = 100, 300, and 500. The samples were drawn from the NOLL-
L(0,1,4,b) distribution, where a and b take specific values. We note that the approximations
become closer to the actual numbers; thus, an increment in the sample size indicates that
the estimations are consistent.

Table 1. Simulation results.

a b n Bias MSE Bias MSE Bias MSE Bias MSE

100 —0.1338  0.0221 —0.8765  0.6754 —0.8698  0.7692 —0.4389  0.2500

05 300 0.1301 0.0211 —0.6219  0.5192 0.8110  0.5109 0.3142  0.2399
500 —0.1270  0.0122 —0.6192  0.5000 —-0.7132  0.5021 —0.3001 0.2222

100 0.1120  0.3190 03172 0.6310 0.2310  0.0831 0.3333  0.3810

1.5 300 0.1042  0.3200 —0.2810  0.6009 0.2210  0.0722 0.3199  0.3511
500 0.0810  0.2910 —0.2263  0.5183 0.2165  0.0701 0.2811 0.2319

100 0.2889  0.3354 —0.6110  0.4519 0.7310  0.3317 —0.4188  0.2001

2 25 300 0.2801 0.3311 05996  0.4102 0.6932  0.3180 —-0.3777  0.0988
500 0.2675  0.3112 0.4980  0.3711 0.6151 0.2900 —0.3510  0.0888

100 —0.1991 0.0800 —0.8311 0.6107 —0.4229  0.3889 —0.5192  0.2739

35 300 —0.1821 0.0810 0.7301 0.5868 —0.3981 0.3312 0.4913  0.2677
500 0.1809  0.0721 0.7009  0.4722 03706  0.2221 0.4660  0.2449

100 0.1504  0.0329 —0.4301 0.2198 0.2005  0.0870 0.5599  0.3490

45 300 —0.0341 0.0301 0.4160  0.1998 —0.0669  0.0611 —0.6957  0.2198
500 0.0288  0.0241 —0.3300  0.1997 0.666  0.0399 0.4141 0.1765

Table 2. Simulation results.

a b n Bias MSE Bias MSE Bias MSE Bias MSE

100 0.3219  0.2291 —0.4199  0.3199 0.4991 0.3298 0.3100  0.4184

05 300 02182  0.2166 0.3999  0.2901 0.4712 0.3100 —0.2990  0.4000
500 —-0.2011  0.1981 0.3811  0.2811 —0.3614 0.2766 0.2900  0.3911

100 0.1845  0.3618 —0.2814  0.4185 02615  —0.8621 —0.3318  0.0921

1.5 300 -0.1719 03172 0.2617  0.4210 0.2510 0.7514 0.2341  0.0715
500 0.1710  0.2001 0.2221  0.3871 —0.2511 0.6199 0.2301  0.0702

100 0.1765  0.0861 0.6414  0.4119 0.2661 0.1761 —0.0418  0.1111

4 25 300 0.1542  0.0513 0.6199  0.3978 0.2659 0.1600 —0.0403  0.0833
500 —0.1523  0.0416 0.5815  0.3666 0.2551 0.1598 0.3881  0.0815

100 0.2991  0.0881 0.2771  0.0661 —0.3991 0.0915 0.3561  0.1771

3.5 300 0.2714  0.0806 0.2609  0.0581 0.2981 0.0900 0.3414  0.1513
500 —-0.2599  0.0771 0.2510  0.0506 0.2881 0.0716 0.3110  0.1333

100 03771  0.2741 —0.2890  0.3441 0.1651 0.2441 0.1442  0.0317

45 300 -0.3199  0.2699 —0.2714  0.3201 0.1715 0.2211 0.1312  0.0300
500 0.3001  0.2500 0.2699  0.3187 0.1700 0.1851 0.0954  0.0217
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6. The Boston Dataset

In this section, the applicability and adaptability of the proposed distribution are
checked against competitor models. For this comparison, the standard normal distribution
(N), standard logistic distribution (L), standard Laplace distribution (La), skew-normal
distribution (SN) [22], skew-logistic distribution (SL) [40], skew-Laplace distribution
(SLa) [41], and odd log-logistic standard Laplace distribution (OLLSLa) (mentioned in
Remark 1) are considered. The Akaike information criterion (AIC) and the Bayesian infor-
mation criterion (BIC) are used for the comparisons.

The Boston dataset contains the median values of house prices (medv) in n = 506
neighborhoods around Boston and was previously analyzed by [42]. The results on the
maximum likelihood estimators (MLEs), log-likelihood, AIC, and BIC of the models are
reported in Table 3.

From Table 3, it is clear to see that the new distribution is more appropriate and better
fitted compared to the other competitors in terms of the log-likelihood, AIC, and BIC. The
flexibility of the new distribution is also visualized in Figure 3.

— N
0.08
— L
0.08] — La
_ SN
0.04
. — 8L
0.02 — Sla
OLLSLa
10 20 : 50 — NOLLSLa

Figure 3. Plots of observed and expected densities of the Boston (medv) dataset.

Table 3. The MLEs, log-likelihood, AIC, and BIC of models fitted to the Boston (medv) dataset.

Distributions n o a b A logL AIC BIC

N 22.532 9.188 - - — —1840.24 3684.48 3692.93
L 21.592 4.829 — — — —1820.07 3644.13 3652.58
La 21.200 6.530 — — — —1806.26 3616.52 3624.97
SN 9.941 15.587 — — 6.397 —1812.39 3630.78 3643.45
SL 13.887 6.828 — — 2.259 —1792.76 3591.52 3604.20
SLa 19.400 6.740 — — 0.334 —1794.58 3595.16 3607.83
OLLSLa 21.200 6.794 1.034 — — —1806.25 3618.150 3631.189
NOLLSLa 20.100 4.245 0.960 0.539 — —1789.61 3587.22 3604.13

Since La, OLLSLa, and NOLLSLa are nested models, therefore, to discriminate be-
tween them, the likelihood ratio (LR) test is used. The test statistics as well as the null
hypothesis of the test are as follows:

(i) To discriminate the La distribution from the NOLLSLa distribution, the null hypothe-
sis Hy : a = 0,b = 0 is tested against the alternative hypothesis Hy : a # 0,b # 0. The
test statistic is

—2log(LR) = — 2[log L(f11,81,a = b = 0|x) — log L(flp, 62,82, b2)] ~ X3,
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where (fi1, 01) and (fip, 0, 82, Ez) are, respectively, the MLEs of the La distribution
and the NOLLSLa distribution, and » = 2 is the difference between the numbers
of parameters.

(i) To discriminate the OLLSLa distribution from the NOLLSLa distribution, the null
hypothesis Hy : b = 0 is tested against the alternative hypothesis Hj : b # 0. The test
statistic is

—2log(LR) = — 2[log L(f1,81,4,b = 0|x) — log L(f12, &2, 42, b2)] ~ x3,

where (fi1,01,81) and (fip, 02, 42, Ez) are, respectively, the MLEs of the OLLSLa dis-
tribution and the NOLLSLa distribution, and » = 1 is the difference between the
numbers of parameters.

From Table 4, it can be noted that the value of the LRT statistics is higher than the
tabulated critical value at the 95% confidence level for datasets I and II. Consequently, it
can be stated that the collected data originate from the NOLLSLa(yu, 0, a,b) distribution.

Table 4. LRTs for different hypotheses for the Boston dataset.

Hypothesis LRT Statistic d.f. Critical Values at 5%
Hy:a=0b=0vs. H :a#0,b#0 33.300 2 5.991
Hy:b=0vs.H;:b#0 33.280 1 3.841

7. Risk Indicators

The importance of VaR and TVaR, PORT-VaR, MO”, and PORT-MO” in analyzing the
median values in the Boston house price data lies in their ability to provide a comprehensive
framework for understanding the financial risk and price dynamics in real estate markets.
VaR quantifies the potential losses at a specified confidence level, helping stakeholders to
assess the maximum expected declines in property values. PORT-VaR focuses on extreme
losses that exceed a predefined threshold, offering insights into tail risks that can signifi-
cantly impact the housing market. TVaR enhances this by measuring the expected losses in
extreme scenarios, crucial for understanding market volatility. Meanwhile, MO® allows for
the examination of various statistical moments, providing a nuanced view of both central
trends and extreme fluctuations in house prices. Combining these methods, PORT-MO?
enables a detailed analysis of the average behavior of extreme values beyond a threshold,
enhancing insights into the risk profiles associated with high-value properties. Together,
these methodologies support informed decision-making for investors and policymakers,
contributing to a more resilient real estate market.

7.1. The VaR|[q]

The VaR at a given confidence level g (typically 0.95, related to 95% confidence) is
defined as value x where Pr(X < x) = g. This requires solving the equation g = F(x). For
values of x > 0, the non-negative segment of F(x) is used.

7.2. The TVaR|[q]

The TVaR of a random variable X, often denoted as TVaR[g], is a crucial measure in
risk management and financial analysis. By definition, it is calculated using the follow-
ing formula.

1

TVaR[q] = T-VaRlg]

I(VaR([g];c0lq), (21)
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where o

I(VaR([g]; 0l4) = /VaR[[ﬂ xf(x)dx. (22)

The term TVaR[g] represents the value-at-risk at a given confidence level 4. It quantifies
the maximum expected loss over a specified time frame given a certain confidence level.
For example, a VaR at the 95% confidence level indicates that there is a 5% chance that
losses will exceed this value. The integral in (21) can be tackled using numerical methods
to obtain suitable approximate solutions, as obtaining a closed-form expression presents
significant challenges. For additional applications and insights, see the works of [8,43].
Then, we have

I(VaR[g]; 00|4) = I(—00;00|5) — I(—o0; VaR[g]|4)-

The integration I(—oo;oo|q) is presented in (10) for n = 1 (refer to Remark 3). In
contrast, the integration I(—oo; VaR[g]|;) is detailed in (12) for n = 1 and corresponds to
the first incomplete moment.

7.3. The MO? Method

As emphasized in the studies by [18,44,45], varying the MO facilitates a more thor-
ough analysis. This methodology is often employed across multiple values of P (where
P =1,2,3,...) to evaluate the impact of different moments on the dataset. Such multi-order
analysis is particularly crucial in finance, where it is vital to grasp both central tendencies
and extreme risks for informed decision-making. The MO” is defined as

7.4. The PORT-VaR

Due to [46], the PORT-VaR method is a crucial instrument in economic risk analysis,
particularly for assessing extreme risks and tail events. It enhances the traditional VaR
framework, which measures the potential decline in a portfolio’s value over a defined time
period at a specified confidence level. The procedure for calculating PORT-VaR consists of
the following steps:

1. The selection of Tj, based on empirical data or expert judgment;

2. Identify exceedances: Filter the dataset to isolate values that surpass the established
threshold Tj;

3.  Count exceedances: Calculate the total number of exceedances that have been identified;

b

Estimate the empirical CDF for the identified exceedances;
5. Calculate the VaR: Use the empirical distribution of the exceedances to ascertain the
VaR at the specified quantile 4.

This systematic approach allows for a deeper understanding of tail risks, enabling
better-informed decision-making in risk management (see [18,44] for more applications).

8. MO” Analysis for the Median Values of Boston House Price Data

The results presented in Table 5 offer valuable insights into the assessment of the MO
under varying parameter levels P for the median values of Boston house prices. The table
provides three key metrics, MO, mean squared error (MSE), and bias, which collectively
inform us about the reliability and performance of the model in predicting housing prices.
As we increase P from 1 to 15, the values of MO? exhibit a consistent upward trend,
rising from 5.0 at P = 1 to approximately 7.03 at P = 15. This increase suggests that the
profitability, or returns, associated with house prices is improving as we consider higher
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thresholds. This trend could reflect a positive sentiment in the housing market, indicating
that as parameters increase, the potential for greater returns on investment in real estate
also rises. In contrast to the rising MO”, the MSE demonstrates a declining pattern, starting
at 307.3993 for P = 1 and decreasing to 240.2337 by P = 15. This reduction in the MSE
suggests that the model becomes more accurate in predicting house prices as P increases.
A lower MSE indicates that the estimates of house prices are converging more closely to
the actual market values, which is crucial for investors and policymakers in the real estate
sector. The bias values show a corresponding decrease from 17.53 at P = 1 to 15.50 at
P = 15. This decline indicates that the model is progressively reducing its systematic
error in predicting housing prices. Lower bias values enhance the credibility of the model,
implying that it can be a reliable tool for assessing housing market dynamics.

Table 5. MOP assessment under P = 1,2,...,25 and the Boston house price data.

Pt 1,2,3,4,5
T™MV 22.53281

MOF 5,5,5.2,5.475,5.78

MSE 307.3993, 307.3993, 300.4262, 290.9688, 280.6565
Bias 17.53281, 17.53281, 17.33281, 17.05781, 16.75281
Pt 6,7,8,9,10

MO? 5.983333, 6.157143, 6.2875, 6.388889, 6.49
MSE 273.88510, 268.16240, 263.91, 260.6261, 257.3716
Bias 16.54947, 16.37566, 16.24531, 16.14392, 16.04281
Pt 11,12,13,14,15

MO? 6.581818, 6.708333, 6.830769, 6.935714, 7.033333
MSE 254.4340, 250.4139, 246.554, 243.2693, 240.2337
Bias 15.95099, 15.82447, 15.70204, 15.59709, 15.49947

Figure 4 provides a comprehensive visual representation through histogram plots,
box plots, the MOP values for P = 1,2, ..., 15, and a comparison of the bias against
the MSE for the median values in the Boston house price data. These visualizations are
crucial for understanding the distribution of and variability in housing prices, which have
significant implications for the broader economic landscape. Figure 4 presents the MO”
values across the parameter range. The left panel emphasizes the increasing trend in MO”
as P rises, suggesting that higher parameters yield greater returns on investment in the
housing market. This trend indicates that as housing prices stabilize, investors might see
better profitability in longer-term investments, which could encourage more construction
and renovation projects.

Increased investment in housing not only benefits developers and homeowners but
also has a multiplier effect on the economy through job creation in related sectors such
as construction, finance, and retail. Accurate forecasting of housing prices is essential for
economic stability; it allows financial institutions to make informed lending decisions,
thereby enhancing liquidity in the housing market.

These findings in Figure 4 and Table 6 have significant implications for the US econ-
omy, particularly in the context of the housing market. As house prices stabilize and the
prediction models improve, consumer confidence may rise, positively affecting economic
growth. Furthermore, with a lower MSE and bias, financial institutions may rely more
heavily on such models for risk assessment and lending decisions, fostering a healthier
economic environment. A robust housing market often translates into broader economic
stability, influencing job creation and consumer spending.
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Figure 4. The histogram plot, box plot, MOP values P = 1,2, ...,15, and bias versus MSE plot for the
the median values in Boston house price data.

Table 6. VaR, TVaR, and PORT-MOP for the Boston house price data.

CLs| VaR TVaR Ty PORT-MO? NPORT Min.; 1st Qu.; Med; ExV; 3rd Qu.; Max.

55% 22.0 30.1 22 8.0950 276 20.50 22.60 24.70 28.37 31.77 50.00
60% 22.7 30.9 22 8.1550 303 19.80 22.00 24.20 27.64 31.05 50.00
65% 233 32.1 23 8.7583 327 19.20 21.45 23.80 27.04 30.10 50.00
70% 24.2 33.3 24 9.1586 353 18.30 20.80 23.30 26.42 29.60 50.00
75% 25.0 35.3 25 10.2590 379 17.10 20.25 23.10 25.82 28.70 50.00
80% 28.2 37.2 28 8.9614 405 15.30 19.70 22.70 25.20 28.20 50.00
85% 31.0 39.7 31 8.6513 430 14.00 19.30 22.30 24.58 27.50 50.00
90% 34.8 43.1 31 8.3314 455 12.80 18.70 22.00 23.97 26.65 50.00
95% 434 48.5 43 5.0538 479 10.40 17.85 21.70 23.35 26.30 50.00

9. The PORT-VaR Estimator for the Median Values in Boston House
Price Data

The results in Table 6 present a comprehensive analysis of the VaR, TVaR, and peaks
over a random threshold based on the mean of order-P (PORT-MO?) for the median values
of Boston house prices. These metrics are crucial for understanding the potential risks
associated with housing investments and their broader implications for the US economy.
The VaR values show a steady increase as the confidence level (CL) rises, from 22.0 at
55% to 43.4 at 95%. This trend indicates that higher confidence levels correspond to
greater potential losses, reflecting the inherent volatility and risk associated with housing
investments. For investors and financial institutions, these figures provide a quantitative
measure of risk, aiding in portfolio management and decision-making processes.

Understanding the potential losses at varying confidence levels allows stakeholders to
adopt more informed strategies, potentially mitigating adverse impacts on the economy
during market downturns. The TVaR values also exhibit an upward trend, ranging from
30.1 at a 55% CL to 48.5 at a 95% CL. This increase underscores the severity of potential
losses in extreme scenarios. For policymakers and economic analysts, the TVaR metric
serves as an essential tool for assessing systemic risks within the housing market. As
extreme fluctuations in housing prices can have cascading effects on the broader economy;,
understanding these risks is vital for ensuring financial stability. High TVaR values indicate
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that in the worst-case scenarios, losses could significantly impact household wealth and
consumer confidence, leading to reduced spending and slower economic growth. The
threshold after the VaR (T},) values, which reflects the threshold after which losses exceed the
VaR, also demonstrates a general increase alongside the confidence levels. This suggests that
as the risk threshold rises, the potential for extreme losses increases as well. The implication
for the US housing market is profound: if prices begin to decline significantly beyond
these thresholds, it could signal a more extensive market correction. Such corrections can
lead to decreased construction activity, job losses in the construction sector, and lower
consumer spending, all of which are detrimental to the economy. The PORT-MO? values
reflect the average of the peaks that exceed a given threshold, ranging from 8.0950 at a 55%
CL to 10.2590 at a 75% CL, before declining at higher confidence levels. This fluctuation
suggests that while there may be opportunities for high returns in certain scenarios, the
risk of encountering extreme price peaks remains significant. Understanding this dynamic
is crucial for investors seeking to navigate potential market volatility and capitalize on
upward trends in house prices without exposing themselves to excessive risk. The number
of peaks over a random threshold (NPORT) values illustrate the frequency of significant
price peaks, increasing steadily from 276 at a 55% CL to 479 at a 95% CL. This growth
indicates the rising occurrence of extreme fluctuations in house prices, which can signal
heightened volatility in the market. For the broader economy, an increase in the NPORT
may suggest that the housing market is experiencing more frequent and severe disruptions.
Such volatility can deter investment and lead to cautious consumer behavior, potentially
stalling economic recovery and growth.

The summary statistics provided, including the minimum (Min), first quartile (1st
Qu.), median (Med), expected value (ExV), third quartile (3rd Qu.), and maximum values,
reveal important insights into the distribution of the dataset related to Boston house prices.

Starting with the minimum values, we observe a declining trend from 20.50 to 10.40 as
the confidence level increases. This indicates that as the confidence level rises, the lowest
observed prices in the dataset also decrease, suggesting a potential contraction in the lower
end of the housing market. The quartiles and median values, which reflect the central
tendency of the dataset, also show a gradual decline across the various confidence levels.
For example, the median price drops from 24.70 to 21.70, highlighting a decreasing trend
in the typical house prices as we consider higher confidence intervals. This could imply
that at higher confidence levels, the market is likely experiencing downward pressure on
home values, potentially due to economic factors or market volatility. The ExV presents
a similar pattern, starting at 28.37 and falling to 23.35, further indicating that the overall
average value of properties decreases with increasing confidence levels. This suggests that
in more conservative assessments, we are seeing a more cautious valuation of house prices.
Interestingly, the maximum (Max) value remains constant at 50.00 across all confidence
levels, indicating that while the lower and central tendencies are experiencing declines, the
highest recorded property value remains unchanged. This could reflect a market segment
that continues to retain its high value despite overall downward trends, perhaps due to the
limited availability of or persistent demand for high-end properties.

On the other hand, Figure 5 features nine histograms representing the frequency
distribution of the median values of Boston house prices across nine CLs. This comparative
analysis allows analysts to observe how often certain ranges of failure times occurred during
the observed period. Such insights are vital for understanding the behavior of housing
prices in extreme conditions, enabling stakeholders to identify trends and anomalies that
could impact investment strategies and market stability.

Figure 6 presents a density plot of the peaks at various thresholds, emphasizing the
frequency and distribution of significant events (peaks) in the data. This information
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is crucial for risk assessment, as it enables analysts to gauge the likelihood of extreme
fluctuations in the housing market, which can have profound implications for economic

stability and investment decisions.
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Figure 5. PORT-VaR analysis of the median values in the Boston house price data.
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Figure 7 displays the violin plots from the PORT analysis of the median values in

the Boston house price data. Each plot illustrates not only the density of the data at

different values but also highlights the median and interquartile ranges, offering a thorough

understanding of the risk profiles associated with housing investments.
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Figure 7. Violin plots for the PORT analysis of the median values in the Boston house price data.

Figure 8 presents the VaR, TVaR, PORT-MO?, and NPORT plots for the median values

in the Boston house price data. Figures 5-8 support the numerical results in Table 6.

Based on Table 6, we note the following:

Financial institutions and investors should integrate these metrics into their risk as-
sessment frameworks to understand potential losses and volatility in the housing
market better. By using the VaR and TVaR metrics, stakeholders can develop more ro-
bust models for predicting extreme market movements, which can help in formulating
strategies to mitigate the risks associated with housing investments.

Policymakers should consider implementing measures aimed at stabilizing housing
prices, especially when the NPORT values indicate increased occurrences of significant
price peaks. Policies such as enhancing support for affordable housing, adjusting
interest rates, or providing incentives for first-time homebuyers can help maintain
market stability, preventing drastic price fluctuations that could harm the economy.
Educational programs should be developed to inform consumers about the risks
associated with housing investments and market volatility, particularly in light of
rising TVaR and NPORT values. Educating potential buyers about the implications
of fluctuating housing prices can help them make informed decisions, reducing
the likelihood of panic selling during market downturns, which could exacerbate
economic instability.

Investors should adopt diversification strategies in their portfolios to mitigate the
risks associated with extreme fluctuations in the housing market. By spreading
their investments across various asset classes, investors can reduce their exposure to
housing market volatility, thereby stabilizing their returns and enhancing their overall
portfolio’s resilience.
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Figure 8. VaR, TVaR, PORT-MO?, and NPORT plots for the median values in the Boston house
price data.

10. Conclusions

In this article, we introduced a novel family of standard Laplace distributions, expand-
ing the existing statistical framework to capture real-life phenomena better. Throughout
this study, we derived several important properties of this new distribution, highlighting
its unique characteristics and advantages over traditional models. To demonstrate its prac-
tical applicability, we examined the utility of the new distribution using real-life datasets,
showcasing how it can be effectively employed in various contexts. Specifically, we utilized
a new bimodal skew-logistic model to conduct an in-depth economic risk assessment, lever-
aging several key metrics, such as value-at-risk (VaR), the peaks over a random threshold
value-at-risk (PORT-VaR), tail value-at-risk (TVaR), the mean of order-P (MOF), and the
peaks over a random threshold based on the mean of order-P (PORT-MOP). Each of these
metrics captures different aspects of the tail behavior, which is crucial for understanding
extreme values, particularly in the context of the median house prices in Boston. The PORT-
VaR enhances traditional risk evaluations by incorporating randomness into the selection
of the thresholds, allowing for a more nuanced understanding of risk exposure. While
the VaR and TVaR provide insights into the potential losses at specific confidence levels,
TVaR further elucidates significant tail risks by measuring the expected losses beyond
the VaR threshold. This distinction is vital for investors and policymakers who need to
assess the likelihood and impact of extreme market events. Moreover, the MO” method
plays a crucial role in balancing reliability objectives with performance optimizations amid
uncertainty. By varying the order of the mean, we can capture a broader range of statistical
moments, thereby providing a more comprehensive view of the dataset. This multi-faceted
approach is particularly beneficial in economic contexts, where understanding both typical
and extreme behaviors is essential for making informed decisions. Equally, this newly
introduced model could be extended further in the future by incorporating approaches
such as the multi-logistic distribution, and its theoretical development, as well as practical
utility, could be examined.
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