
Academic Editors: Sandra Ferreira

and Oliver Schütze

Received: 13 March 2025

Revised: 29 May 2025

Accepted: 29 May 2025

Published: 4 June 2025

Citation: Sulewski, P.; Alizadeh, M.;

Das, J.; Hamedani, G.G.; Hazarika, P.J.;

Contreras-Reyes, J.E.; Yousof, H.M. A

New Logistic Distribution and Its

Properties, Applications and

PORT-VaR Analysis for Extreme

Financial Claims. Math. Comput. Appl.

2025, 30, 62. https://doi.org/

10.3390/mca30030062

Copyright: © 2025 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license

(https://creativecommons.org/

licenses/by/4.0/).

Article

A New Logistic Distribution and Its Properties, Applications and
PORT-VaR Analysis for Extreme Financial Claims
Piotr Sulewski 1 , Morad Alizadeh 2 , Jondeep Das 3 , Gholamhossein G. Hamedani 4 , Partha Jyoti Hazarika 3 ,
Javier E. Contreras-Reyes 5,6,* and Haitham M. Yousof 7

1 Institute of Exact and Technical Sciences, Pomeranian University, ul. Arciszewskiego 22a,
76-200 Słupsk, Poland; piotr.sulewski@upsl.edu.pl

2 Department of Statistics, Faculty of Intelligent Systems Engineering and Data Science, Persian Gulf University,
Bushehr 75169, Iran; moradalizadeh78@gmail.com

3 Department of Statistics, Dibrugarh University, Dibrugarh 786004, Assam, India;
jondeepdas98@gmail.com (J.D.); parthajhazarika@gmail.com (P.J.H.)

4 Department of Mathematical and Statistical Sciences, Marquette University, 1250 W Wisconsin Ave,
Milwaukee, WI 53233, USA; gholamhoss.hamedani@marquette.edu

5 Instituto de Matemática, Física y Estadística, Facultad de Ingeniería y Negocios, Universidad de Las Américas,
Sede Viña del Mar, 7 Norte 1348, Viña del Mar 2531098, Chile

6 Centro de Modelación Ambiental y Dinámica de Sistemas (CEMADIS), Facultad de Ingeniería y Negocios,
Universidad de Las Américas, Avenida Manuel Montt Nº 948, Santiago 7500975, Chile

7 Department of Statistics, Mathematics and Insurance, Benha University, Fareed Nada Street,
Benha 13511, Egypt; haitham.yousof@fcom.bu.edu.eg

* Correspondence: jecontrr@uc.cl or jcontreras@udla.cl

Abstract: This paper introduces a new extension of exponentiated standard logistic distribu-
tion. Some important statistical properties of the novel family of distributions are discussed.
A simulation study is also conducted to observe the behavior of the estimated parameter
using several estimation methods. The adaptability as well as the flexibility of the new
model is checked through two real-life applications. A comprehensive financial risk assess-
ment is conducted using multiple actuarial risk measures: Peaks Over Random Threshold
Value-at-Risk, Value-at-Risk, Tail Value-at-Risk, the risk-adjusted return on capital and
the Mean of Order P. These indicators offer a nuanced view of risk by capturing different
aspects of tail behavior, which are critical in understanding potential extreme losses. These
risk indicators are applied to analyze actuarial financial claims data, providing a robust
framework for assessing financial stability and decision-making in the face of uncertainty.

Keywords: Bi-modality; skew logistic; financial claims data; mean of order P; Value-at-Risk;
peaks over a random threshold Value-at-Risk
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1. Introduction
The logistic (L) distribution, created but not named by Poisson in 1824, is an important

continuous probability distribution. The L distribution resembles the normal distribution
in shape but has heavier tails (higher kurtosis). To improve the fit of the L model, many
generalized types of the L distribution have been proposed.

Despite the introduction of numerous new distributions, limited attention has been
given to those accommodating multiple modes. Some examples of distributions which

Math. Comput. Appl. 2025, 30, 62 https://doi.org/10.3390/mca30030062

https://doi.org/10.3390/mca30030062
https://doi.org/10.3390/mca30030062
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mca
https://www.mdpi.com
https://orcid.org/0000-0002-0788-6567
https://orcid.org/0000-0001-6638-2185
https://orcid.org/0000-0001-9246-0597
https://orcid.org/0000-0001-7976-1088
https://orcid.org/0000-0002-8370-9028
https://orcid.org/0000-0003-1172-5456
https://orcid.org/0000-0003-4589-4944
https://doi.org/10.3390/mca30030062
https://www.mdpi.com/article/10.3390/mca30030062?type=check_update&version=3


Math. Comput. Appl. 2025, 30, 62 2 of 30

allows the fitting of data with at most two modes include the alpha skew normal [1],
alpha skew logistic [2], and bimodal tanh skew normal [3]. Distributions developed
for up to three modes include the alpha beta skew logistic [4], generalized alpha beta
skew normal [5], trimodal skew logistic [6], flexible alpha skew normal [7], flexible skew
logistic [8], and others.

The L distribution is widely used in finance, economics, and insurance for modeling
heavy-tailed data. It captures market volatility, financial risks, and extreme price changes.
In insurance, it helps assess large claim sizes and extreme losses, aiding in premium
calculation and reserve management (see [9,10]). We suggest a novel L extension specifically
designed for financial claims data, motivated by its extensive usage.

In order to improve risk assessment in areas where existing models are inadequate, this
research presents a novel logistic distribution that better captures severe market changes.
We propose an economic risk estimator based on the PORT-VaR framework, incorporating
adaptive threshold selection for greater accuracy. We evaluate the effectiveness of the model
in balancing financial and economic objectives using MOO[P ↑] analysis. Our approach
enhances risk management and decision-making in volatile markets.

Over the last five years, researchers have increasingly focused on insurance and finan-
cial risk analysis, utilizing various statistical tools and measures. Key works include [11]
on threshold effects in asset allocation and [12] on TV premiums for elliptical portfolios,
extending risk measures beyond VaR. Recent contributions include functional extensions
to PORT analysis [13] and innovative risk models like the XGamma extension [14] and
Bayesian risk frameworks [15]. Other advances, such as the extended Gompertz model [16]
and new loss probability models [17], enhance risk assessment using MOO[P ↑] and other
advanced methods.

This article addresses a new extension of the exponentiated standard logistic distri-
bution [18], which demonstrates flexibility in fitting data with up to two modes. The
article discusses important mathematical properties of the new distribution and provides
graphical visualizations. Furthermore, the adaptability and utility of the new distribution
are assessed using real-life datasets. Additionally, a comprehensive financial risk assess-
ment is conducted using multiple actuarial risk measures, such as Peaks Over Random
Threshold Value-at-Risk (PORT-VaR), Value-at-Risk (VaR), Tail Value-at-Risk (TVaR), the
risk-adjusted return on capital (RAROC) and the Mean of Order P (MOO[P ↑]), which offer
a nuanced view of risk by capturing different aspects of tail behavior, which are critical
in understanding potential extreme losses. Together, these risk indicators are applied to
explore and analyze actuarial financial claims data, providing a robust framework for
assessing financial stability and decision-making in the face of uncertainty.

2. A New Extended Exponentiated Standard Logistic Distribution
In this section, a novel family of extended exponentiated standard logistic distribution

is introduced along with its special cases.

Definition 1. If X is a random variable, then X is said to follow extended exponentiated standard
logistic distribution if its cumulative distribution function (CDF) is given by

F(x) =
(1 + e−x)−a

(1 + e−x)−a + 1 − (1 + e−x)−b (1)

where x ∈ R and a, b > 0 are two shape parameters. It is denoted as EESL(a, b).
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Proposition 1. The probability density function (PDF) of the EESL(a, b) probability distribution
defined in (1) is given by

f (x) =
e−x(1 + e−x)−a−1

[
a + (b − a)(1 + e−x)−b

]
[
(1 + e−x)−a + 1 − (1 + e−x)−b

]2 . (2)

Some special cases of the EESL(a, b) distribution are obtained as follows:

i. If a = b, then X has an exponentiated standard logistic distribution [18].
ii. If a = b = 1, then X has a standard logistic distribution.

Again, the PDF of the novel family of distributions is plotted in Figure 1 for different
choices of the parameters. From the visualization, it is evident that the PDF is capable of
fitting data with up to two modes. Specifically, for a fixed value of b, an increase in the value
of a results in a higher peak towards the right tail (see Figure 1a). Moreover, for a fixed b,
increasing a may sometimes cause the bimodality to gradually disappear (see Figure 1c).
In addition, for certain combinations of a and b, the PDF shows a higher peak towards
the left (see Figure 1b). Finally, when a = b = 1, the distribution reduces to the standard
logistic distribution, while for a = b, it may exhibit the exponentiated standard logistic
form (see Figure 1d). Similarly, the CDF of the new distribution can be plotted in Figure 2
for different choices of the parameters exhibiting both unimodal and bimodal behaviors.

(a) (b)

(c) (d)
Figure 1. PDF of EESL(a, b) with different choices of a and b. (a) PDF with large b and small a values
to produce a left tail. (b) PDF with small b and large a values to concentrate the probability mass
in support x > 0. (c) PDF with moderate a and large b values to concentrate the probability mass
between −2 and 5. (d) Moderate values of a and b to concentrate the probability mass around 0.

The EESL(a, b) can be used to depart from the Gaussian distribution with PDF
ϕ(x; m, s). The similarity measure between our proposal and the N(0, s) is given by [19]

M(a, b, s) =
∫ ∞

−∞
min

[
f (x; a, b), Φ(x; 0, s)

]
dx. (3)
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Numerical examination in Mathcad gives Mmax(0.994, 1.017, 1.638) = 0.967. Thus the
EESL(0.994, 1.017) is the N(0, 1.638) in 96.7%. Some M(a, b, s) values are presented in
Table 1.

Table 1. Similarity measure M(a, b, s) between the EESL(a, b) and N(0, 1.638). Row I shows values
of a when b = 1.017, and row II shows values of b when a = 0.994.

I 0.994 0.887 0.719 0.581 0.462 0.359 0.269 0.190 0.122 0.061 0.011
II 1.017 0.809 0.607 0.461 0.352 0.269 0.205 0.155 0.117 0.087 0.064
M(a, b, 1.638) 0.967 0.950 0.900 0.850 0.800 0.750 0.700 0.650 0.600 0.550 0.500

(a) (b)
Figure 2. CDF of EESL(a, b) distribution for different choices of parameters. (a) CDF in the positive
support with large b and small a. (b) CDF concentrated between −5 and 1 in the negative support
with small a and b values, and CDF with small a and b values to concentrate the CDF between −5
and 2.

3. Main Properties
3.1. Asymptotics for CDF, PDF and Hazard Rate Function (hrf)

The asymptotics of the CDF, PDF and hrf of EESL(a, b) as x → −∞ are given by

F(x) ∼ (1 + e−x)−a, f (x) ∼ a e−x(1 + e−x)−a−1, and h(x) ∼ ae−x(1 + e−x)−a−1

1 − (1 + e−x)−a

The asymptotics of the CDF, PDF and hrf of EESL(a, b) as x → +∞ are given by

1 − F(x) ∼ be−x, f (x) ∼ b e−x, and h(x) ∼ 1

These equations show the effect of parameters a and b on the tails of EESL(a, b) distribution.

3.2. Mixture for CDF and PDF

Using geometric and generalized binomial expansions, we can express the CDF F(x)
as follows:

F(x) =
(1 + e−x)−a

(1 + e−x)−a + 1 − (1 + e−x)−b =
∞

∑
i=0

i

∑
j=0

(−1)j

(
i
j

)
H(x)a(j+1)+b(i−j) (4)

Here, H(x) = (1 + e−x)−1 denotes the CDF of the standard logistic distribution.
Equation (4) illustrates that the CDF of the EESL(a, b) distribution can be represented as a
linear combination of exponentiated standard logistic distributions.
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Furthermore, we can derive the PDF of F(x) as:

f (x) =
∞

∑
i=0

i

∑
j=0

wi,jh(x)H(x)a(j+1)+b(i−j)−1 (5)

where h(x) = e−x(1 + e−x)−2 represents the PDF of the standard logistic distribution, and

wi,j = (−1)j

(
i
j

)
(a(j + 1) + b(i − j)).

3.3. Moments and Incomplete Moments

The n-th order moment of EESL distribution is given by

E(Xn) =
∫ ∞

−∞
xn f (x)dx =

∞

∑
i=0

i

∑
j=0

wi,j

∫ ∞

−∞
xnh(x)H(x)a(j+1)+b(i−j)−1dx

=
∞

∑
i=0

i

∑
j=0

wi,j

∫ ∞

−∞
xn

(
e−x

(1 + e−x)2

)(
1

1 + e−x

)a(j+1)+b(i−j)−1

dx

=
∞

∑
i=0

i

∑
j=0

wi,j

∫ ∞

−∞
xn

(
e−x

(1 + e−x)p

)
dx,

where p = 1 + a(j + 1) + b(i − j). Now, using the Taylor series expansion of the (1 + x)−1,
we get

E(Xn) =
∞

∑
i,k=0

i

∑
j=0

wi,j

(
−p
k

) ∫ ∞

−∞
xn e−(k+1)xdx

=
∞

∑
i,k=0

i

∑
j=0

wi,j

(
−p
k

)[∫ 0

−∞
xn e−(k+1)xdx +

∫ ∞

0
xn e−(k+1)xdx

]

=
∞

∑
i,k=0

i

∑
j=0

wi,j

(
−p
k

)
Γ(n + 1)

[
(−1)n (−1 − k)−1−n + (1 + k)−1−n

]
.

On the other hand, the n-th order incomplete moment of EESL distribution is given as

E(Xn|X < y) =
1

F(y)

∞

∑
i=0

i

∑
j=0

wi,j

∫ y

−∞
xn

(
e−x

(1 + e−x)p

)
dx,

where p = 1 + a(j + 1) + b(i − j). Now, using the Taylor series expansion of the (1 + x)−1,
for y > 0, we get

E(Xn|X < y) =
1

F(y)

∞

∑
i=0

i

∑
j=0

∞

∑
k=0

wi,j

(
−p
k

)[∫ 0

−∞
xne−x(1+k)dx +

∫ y

0
xne−x(1+k)dx

]

=
1

F(y)

∞

∑
i=0

i

∑
j=0

∞

∑
k=0

wi,j

(
−p
k

)[
(−1)n (−1 − k)−1−nΓ(n + 1)

+ ((k + 1)y)−n−1yn+1(Γ(n + 1)− Γ(n + 1, (k + 1)y))

]

Similarly, for y < 0, the incomplete moment can be evaluated.
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3.4. Skewness and Kurtosis

Based on the order (non-central) moments ak = E(Xk), (k = 1, 2, . . . , 4) presented in
Section 3.3 and using their relationships with the central moments

µk =
k

∑
i=0

(−1)i

(
−p
k

)
αk−iα

i
1,

we can easily calculate the skewness γ1 and kurtosis γ2 of the EESL(a, b) distribution.
Figure 3 shows γ1 as a function of a for selected b values (left) and γ1 as a function of b for
selected a values (right). The γ1(a) is an increasing function for b ≥ 1, especially for the
initial values of the arguments and unimodal for 0 < b < 1, e.g., γmax

1 (77.784, 0.5) = 2.149.
If b increases, γ1(a) decreases. The γ1(b) is unimodal for a ≥ 1 and inverse-unimodal for
0 < a < 1, e.g., γmin

1 (0.5, 0.948) = −0.886, γmax
1 (100, 1.117) = 2.184. The γ1(b) function is

strictly monotonical for the initial values of the arguments.

(a) (b)
Figure 3. Skewness of EESL(a, b) distribution as a function of a for selected b values (a), and as a
function of b for selected a values (b).

Figure 4 shows γ2 as a function of a for selected b values (right). The γ2(a) is the
inverse-bimodal function, e.g., γmin

2 (0.024, 0.5) = 3.959, γmin
2 (0.947, 0.5) = 4.502. If b

increases, γ2(a) also increases. The γ2(a) is the unimodal function, e.g., γmax
2 (0.5, 0.405) =

5.418. The γ2(a) and γ2(b) functions are strictly monotonical for the initial values of the
arguments. As follows from Malakhov’s inequality γ2 ≥ γ2

1 + 1 [20], we obtain a γ2 not
less than 1 (see among other series b = 1000).

(a) (b)
Figure 4. Kurtosis of EESL(a, b) distribution as a function of a for selected b values (a), and as a
function of b for selected a values (b).

We calculate γ1 and γ2 for 105 random values of a, b ∼ U(0, 100). Figure 5 presents a
set of points (γ1, γ2) located in a rectangle (−4.5, 4.5)× (1, 21.25). Symbol MP denotes the
Malakhov parabola γ2 = γ2

1 + 1. We obtain γ1 ∈ (−4.351, 2.183), γ2 ∈ (1.026, 20.979).
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Figure 5. A variability range of γ1 and γ2 of EESL(a, b) distribution.

The analysis of γ1 and γ2 can be investigated using xp quantiles, especially when
moments do not exist. Quantile alternatives for γ1 and γ2 are Bowely’s B [21] and Moors’
M [22] measures, respectively, defined as

B =
x0.75 − 2x0.5 + x0.25

x0.75 − x0.25
, M =

x0.875−x0.625+x0.375−x0.125

x0.75 − x0.25
. (6)

However, it should be noted that the values of quantile alternative measures differ
significantly from classic ones, e.g., for a = 0.01 and b = 1, we obtain γ1 = 0.852, γ2 = 1.797,
B = −0.926 and M = 1.318.

3.5. Quantiles for EESL

Let X∼EESL(a, b). Then the p − th (0 < p < 1) quantile is a solution of the equation

(
1 + exp(−xp)

)−a
(1 − p)− p

[
1 −

(
1 + exp(−xp)

)−b
]
= 0. (7)

3.6. Moment-Generating Function

The moment-generating function of EESL distribution is derived here with some
related results.

Theorem 1. The expression for the mgf of EESL distribution is

MX(t) =
∞

∑
i=0

i

∑
j=0

wi,j(−1)t+1B−1(1 − t, 1 − p) + 2F1(p, p + t − 1; p + t;−1)

× Γ(p + t − 1), (8)

where Bx(m, n) =
∫ x

0 tm−1(1 − t)n−1dt is the incomplete beta function.

Proof. Using the expression for the PDF in (5), we can write

MX(t) =
∞

∑
i=0

i

∑
j=0

wi,j

∫ ∞

−∞
etxh(x)H(x)a(j+1)+b(i−j)−1dx =

∞

∑
i=0

i

∑
j=0

wi,j × I1.



Math. Comput. Appl. 2025, 30, 62 8 of 30

Now,

I1 =
∫ ∞

−∞
etxh(x)H(x)a(j+1)+b(i−j)−1dx

=
∫ ∞

−∞
etx e−x

(1 + e−x)a(j+1)+b(i−j)+1

= (−1)t+1B−1(1 − t, 1 − p) + 2F1(p, p + t − 1; p + t;−1)Γ(p + t − 1)

Hence,

MX(t) =
∞

∑
i=0

i

∑
j=0

wi,j(−1)t+1B−1(1 − t, 1 − p) + 2F1(p, p + t − 1; p + t;−1)Γ(p + t − 1).

Corollary 1. By inserting it instead of t into Equation (8), the characteristic function of EESL
distribution can be obtained, and the expression is given as

MX(t) =
∞

∑
i=0

i

∑
j=0

wi,j(−1)it+1B−1(1 − it, 1 − p) + 2F1(p, p + it − 1; p + it;−1)

× Γ(p + it − 1). (9)

4. Characterization Results
4.1. Characterizations Based on Two Truncated Moments

This subsection deals with the characterizations of EESL distribution based on a
relationship between two truncated moments. As stated in Theorem 2 below, the first char-
acterization makes use of the Theorem of characterizations based on truncated moments
provided in [23]. Clearly, the result holds as well when the H is not a closed interval. This
characterization is stable in the sense of weak convergence; see [24].

Theorem 2 ([23,24]). Let (Ω,F , P) be a given probability space and let H = [d, e] be an interval
for some d < e (d = −∞ and e = ∞ are allowed). Let X : Ω → H be a continuous random
variable with CDF F and let k and h be two real functions defined on H, such that

E(k(X) | X ≥ x) = E(h(X) | X ≥ x)η(x), x ∈ H,

is defined with some real function η. Assume that k, h ∈ C1(H), η ∈ C2(H) and F is twice
continuously differentiable and strictly monotone function on the set H. Finally, assume that the
equation ηh = k has no real solution in the interior of H. Then F is uniquely determined by the
functions k, h and η, particularly

F(x) =
∫ x

a
C
∣∣∣∣ η′(u)
η(u)h(u)− k(u)

∣∣∣∣ exp(−s(u)) du,

where the function s is a solution of the differential equation s′ =
η′h

ηh − k
and C is the normalization

constant, such that
∫

H dF = 1.

Proposition 2. Let the random variable X : Ω → R be continuous,

h(x) =

[
(1 + e−x)−a + 1 + (1 + e−x)−b

]2

a + (b − a)(1 + e−x)−b
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and k(x) = h(x)(1 + e−x)−a for x ∈ R. Then, the density of X is given in (2) if and only if the
function η defined in Theorem 2 is

η(x) =
1
2

{
1 +

(
1 + e−x)−a

}
, x ∈ R.

Proof. If X has the PDF (2), then

(1 − F(x))E[h(X) | X ≥ x] =
1
a

{
1 −

(
1 + e−x)−a

}
, x ∈ R,

and

(1 − F(x))E[k(X) | X ≥ x] =
1
2a

{
1 −

(
1 + e−x)−2a

}
, x ∈ R,

and finally η(x)h(x)− k(x) =
1
2

h(x)
{

1 −
(

1 + e−x/β
)−a

}
> 0, for x ∈ R.

Conversely, if η has the above form, then

s′(x) =
η′(x)h(x)

η(x)h(x)− k(x)
=

ae−x/β(1 + e−x)
−a−1

1 − (1 + e−x)−a ,

and hence s(x) = − log
{

1 − (1 + e−x)
−a
}

, x ∈ R. In view of Theorem 2, X has the PDF
(2).

Corollary 2. If X : Ω → R is a continuous random variable and h(x) is as in Proposition 2, X
has the PDF (2) if and only if there exist functions k and η defined in Theorem 2 satisfying the
following first-order differential equation

η′(x)h(x)
η(x)h(x)− k(x)

=
ae−x

(
1 + e−x/β

)−a−1

1 − (1 + e−x)−a .

Corollary 3. The general solution of the above differential equation is

η(x) =
{

1 −
(
1 + e−x)−a

}−1
[
−
∫

ae−x(1 + e−x)−a−1
(h(x))−1k(x) + D

]
,

where D is a constant. A set of functions satisfying this differential equation is presented in
Proposition 2 with D = 1/2. Clearly, there are other triplets (h, k, ξ) satisfying the conditions of
Theorem 2.

4.2. Characterization in Terms of the Reverse Hazard Function

The reverse hazard function, rF, of a twice-differentiable distribution function, F, is

defined as rF =
f (x)
F(x)

, x ∈ Support of F.

Remark 1 ([23,24]). Let X : Ω → R be a continuous random variable. The density of X is (2) if
and only if the differential equation holds

r′F(x)− e−x(1 + e−x)−1rF(x) = (1 + e−x)−1 d
dx

[
e−x
[

a + (b − a)(1 + e−x)−b
]

[(1 + e−x)−a + 1 + (1 + e−x)−b]2

]

with the boundary condition limx→∞ rF(x) = 0.
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5. Maximum Likelihood Estimation
In this section, we introduce an extension of EESL distribution, considering the lo-

cation parameter µ and scale parameter σ. This distribution is formulated through the
transformation Y = µ + σX. Subsequently, the PDF of the extended EESL distribution is
provided as follows:

f (y; µ, σ, a, b) =

exp
(
−y − µ

σ

)(
1 + exp

(
−y − µ

σ

))−a−1
[

a + (b − a)
(

1 + exp
(
−y − µ

σ

))−b
]

σ

[(
1 + exp

(
−y − µ

σ

))−a
+ 1 −

(
1 + exp

(
−y − µ

σ

))−b
]2 (10)

F(y; µ, σ, a, b) =

(
1 + exp

(
y − µ

σ

))−a

(
1 + exp

(
y − µ

σ

))−a
+ 1 −

(
1 + exp

(
y − µ

σ

))−b (11)

where y ∈ R, µ ∈ R, λ ∈ R, σ > 0, and α ≥ 0. If Y has the PDF and CDF expressed in
(10) and (11), respectively, then it is denoted as Y ∼ EESL(µ, σ, a, b).

We considered that the most suitable and common method for parameter estimation is
the maximum likelihood (ML) method. However, the parameters are also often estimated
using other methods, e.g., the ordinary least squares (OLS) [25–29]. A very interesting
proposal is using the natural estimation measure, i.e., least absolute weights (LAW). The
LAW measure corresponds to the absolute values of the differences between the empirical
and theoretical CDFs.

Following this, we delve into the procedure to estimate the parameter vector
θ = (µ, σ, a, b) associated with the PDF EESL(µ, σ, a, b). Consider a collection of n indepen-
dent and identically distributed random variables, denoted as y1, y2, y3, . . . , yn, drawn from
the EESL(µ, σ, a, b) distribution. Subsequently, the log-likelihood equations for this set of
four parameters is

l(θ) = −
n

∑
i=1

(
yi − µ

σ

)
− (a + 1) log

n

∑
i=1

(
1 + exp

(
−yi − µ

σ

))
− b(b − a) log

n

∑
i=1

(
1 + exp

(
−yi − µ

σ

))
+ n log a − n log σ

− 2 log
n

∑
i=1

[
1 +

(
1 + exp

(
−yi − µ

σ

))−a
−
(

1 + exp
(
−yi − µ

σ

))−b
]

. (12)

Differentiating Equation (12) with respect to the set of parameters, the likelihood
equations can be obtained as
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∂l(θ)
∂µ

=
2
σ

n

∑
i=1

aA(yi; µ, σ)(1 + A(yi; µ, σ))−1−a + bA(yi; µ, σ)(1 + A(yi; µ, σ))−1−b

1 + B(yi; µ, σ)−a − B(yi; µ, σ)−b

− n
σ
−
(
(1 + a) + b(b − a)

) n

∑
i=1

A(yi; µ, σ)

σB(yi; µ, σ)

∂l(θ)
∂σ

= −n
σ
− 1

σ

n

∑
i=1

yi − µ

σ
−
(
(1 + a) + b(b − a)

) n

∑
i=1

yi − µ

σ2

exp
(µ

σ

)
exp

(µ

σ

)
+ exp

(yi
σ

)
+

2
σ2

n

∑
i=1

exp
(µ

σ

)
B(yi; µ, σ)−a−b

(
−bB(yi; µ, σ)a + aB(yi; µ, σ)b

)
(yi − µ)

exp
(µ

σ

)
+ exp

(yi
σ

)
∂l(θ)

∂a
=

n
a
+ (b − 1)

n

∑
i=1

log B(yi; µ, σ) + 2
n

∑
i=1

B(yi; µ, σ)−a log B(yi; µ, σ)

1 + B(yi; µ, σ)−a − B(yi; µ, σ)−b

∂l(θ)
∂b

= (a − 2b)
n

∑
i=1

log B(yi; µ, σ)− 2
n

∑
i=1

B(yi; µ, σ)−b log B(yi; µ, σ)

1 + B(yi; µ, σ)−a − B(yi; µ, σ)−b ,

where A(yi; µ, σ) = exp
(
−yi − µ

σ

)
and B(yi; µ, σ) = 1 + A(yi; µ, σ).

Therefore, by solving the system of equations simultaneously, one can derive the
estimates. However, obtaining a direct solution for the normal equations mentioned above
is not explicit and a numerical procedure can be implemented in the R software [30].

To obtain the OLS and LAW estimates of the EESL parameters, we minimize the
following objective functions, respectively:

OLS =
n

∑
i=1

[
i

n + 1
− F(xi; µ, σ, a, b)

]2
, (13)

LAW =
n

∑
i=1

∣∣∣ i
n + 1

− F(xi; µ, σ, a, b)
∣∣∣, (14)

where F(xi; µ, σ, a, b) is given by (11).

6. Simulation Study
A simulation analysis is carried out in this section in order to evaluate the performance

of the ML, OLS and LAW estimates for the θ = (µ, σ, a, b). All calculations were performed
in the R software using the fitdistr (for ML) and optim (for OLS and LAW) functions.

A simulation study was performed with 104 samples with three distinct sample sizes
(n = 100, 300, 500). The samples were drawn from the EESL with θ = (0, 1, a, b), where
a ∈ 0.5, 1, 1.5 and b ∈ 0.1, 0.6, 1.6, 2, 2.6. The simulation procedure is sensitive to the initial
values, thus these values are equal to the input values of a random number generator using
a quantile function.

The estimated statistics are presented in terms of biases and mean square errors (MSEs)
of the estimates: Bias(θ̂) = E(θ̂)− θ, MSE(θ̂) = V(θ̂) + Bias(θ̂)2

, where θ̂ = (µ̂, σ̂, â, b̂).
From Tables 2–10, it can be observed that the ML, OLS and LAW methods effectively

estimate the model parameters. The results also shows that when sample size increases,
the bias and MSE of the estimates decrease, indicating the asymptotic consistency of the
estimates. Moreover, the lowest absolute average of bias and the lowest absolute average of
MSE occur for the scale parameter σ. The MSE of the b parameter for the analyzed method
increases with the a parameter values. The lowest average bias and the lowest average
MSE are for the ML method.
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Table 2. Part I. Biases and MSEs of estimates obtained by the ML method. Samples of size n were
drawn from the EESL(0, 1, a, b).

µ = 0, σ = 1

µ σ a b

a b n Bias MSE Bias MSE Bias MSE Bias MSE

0.5

0.1
100 0.2160 0.4284 −0.0266 0.4535 0.0450 0.4157 −0.0218 0.0399

300 0.1501 0.3058 −0.0201 0.1802 −0.0119 0.1185 −0.0126 0.0254

500 0.1068 0.2247 −0.0133 0.1278 −0.0022 0.0832 −0.0095 0.0193

0.6
100 0.1908 0.4071 −0.0242 0.1968 −0.0151 0.1443 −0.0787 0.2185

300 0.1463 0.2994 −0.0076 0.1074 −0.0097 0.0788 −0.0627 0.1428

500 0.1240 0.2324 −0.0026 0.0781 −0.0051 0.0569 −0.0526 0.1198

1.6
100 0.3062 0.5495 −0.0216 0.1644 −0.0217 0.1128 −0.1897 0.8491

300 0.2188 0.4120 −0.0099 0.0978 −0.0187 0.0696 −0.1596 0.5028

500 0.1784 0.3245 −0.0077 0.0747 −0.0161 0.0520 −0.1260 0.4144

2
100 0.3294 0.6043 −0.0184 0.1718 −0.0240 0.1141 −0.2507 1.0057

300 0.2047 0.3861 −0.0029 0.0899 −0.0162 0.0639 −0.2271 0.6147

500 0.1727 0.3124 −0.0011 0.0719 −0.0138 0.0513 −0.2145 0.5051

2.6
100 0.2996 0.5492 −0.0291 0.1624 −0.0300 0.1080 −0.3151 1.3419

300 0.1732 0.3229 −0.0089 0.0917 −0.0183 0.0619 −0.2216 0.7605

500 0.1508 0.2734 −0.0052 0.0695 −0.0131 0.0502 −0.2001 0.6336

Table 3. Part II. Biases and MSEs of the estimates obtained by the ML method. Samples of size n were
drawn from the EESL(0, 1, a, b).

µ = 0, σ = 1

µ σ a b

a b n Bias MSE Bias MSE Bias MSE Bias MSE

0.5

0.1
100 0.0758 0.1409 0.1846 0.6692 0.4187 1.2721 −0.0191 0.0457

300 0.0628 0.1055 0.0449 0.2984 0.0957 0.5102 −0.0100 0.0254

500 0.0574 0.1041 0.0315 0.2000 0.0600 0.3201 −0.0090 0.0212

0.6
100 0.1635 0.2815 0.0558 0.3102 0.1069 0.5269 −0.0994 0.3547

300 0.1444 0.2657 0.0357 0.1824 0.0390 0.2872 −0.0706 0.1863

500 0.1345 0.2459 0.0268 0.1144 0.0166 0.1646 −0.0516 0.1619

1.6
100 0.2400 0.4482 0.0239 0.2818 0.0355 0.4443 −0.2827 1.2339

300 0.1907 0.3549 0.0164 0.1234 −0.0292 0.1641 −0.1676 0.5990

500 0.1747 0.3096 0.0086 0.0920 −0.0140 0.1269 −0.1204 0.4893

2
100 0.2549 0.4599 0.0092 0.2671 −0.0546 0.3855 −0.2133 1.3594

300 0.1768 0.3335 0.0090 0.1193 −0.0309 0.1494 −0.1511 0.7269

500 0.1485 0.2764 0.0079 0.0930 −0.0291 0.1236 −0.1000 0.5846

2.6
100 0.2610 0.4775 −0.0133 0.2158 −0.0548 0.2785 0.1954 1.8475

300 0.1675 0.3101 −0.0058 0.1074 −0.0484 0.1468 −0.1654 0.8529

500 0.1416 0.2572 −0.0019 0.0851 −0.0389 0.1160 −0.1104 0.7222
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Table 4. Part III. Biases and MSEs of the estimates obtained by the ML method. Samples of size n
were drawn from the EESL(0, 1, a, b).

µ = 0, σ = 1

µ σ a b

a b n Bias MSE Bias MSE Bias MSE Bias MSE

0.5

0.1
100 0.1301 0.2569 0.0622 0.3893 0.1546 0.9050 0.0765 0.4387

300 0.1182 0.2338 0.0562 0.3122 0.1319 0.7395 −0.0682 0.2437

500 0.1176 0.2277 0.0415 0.2338 0.0657 0.5504 −0.0545 0.2118

0.6
100 0.1399 0.2527 0.0653 0.3990 0.1623 0.9322 0.0949 0.4401

300 0.1237 0.2505 0.0548 0.3036 0.1271 0.7223 −0.0703 0.2463

500 0.1158 0.2224 0.0383 0.2195 0.0583 0.5164 −0.0697 0.2098

1.6
100 0.2207 0.4220 0.0632 0.4253 0.0931 0.9096 0.1442 1.3565

300 0.1770 0.3280 0.0235 0.1973 −0.0425 0.3922 −0.1260 0.7318

500 0.1462 0.2768 0.0145 0.1316 −0.0218 0.2530 −0.1088 0.5244

2
100 0.2251 0.4330 0.0291 0.3441 −0.0533 0.6850 0.1792 1.6856

300 0.1797 0.3407 0.0219 0.1718 −0.0344 0.3180 −0.1487 0.8812

500 0.1350 0.2655 0.0066 0.1103 −0.0221 0.2062 −0.1169 0.6563

2.6
100 0.2446 0.4460 0.0172 0.3342 −0.0704 0.6569 0.2373 2.4016

300 0.1685 0.3084 0.0112 0.1754 −0.0635 0.3324 −0.2095 1.0656

500 0.1284 0.2393 0.0051 0.1092 −0.0555 0.2092 −0.1813 0.7969

Table 5. Part I. Biases and MSEs of the estimates obtained by the OLS method. Samples of size n were
drawn from the EESL(0, 1, a, b).

µ = 0, σ = 1

µ σ a b

a b n Bias MSE Bias MSE Bias MSE Bias MSE

0.5

0.1
100 −0.2020 0.9785 0.0881 0.2933 0.1272 0.3112 0.0478 0.0198

300 −0.0651 0.5109 0.0098 0.0670 0.0237 0.0360 0.0266 0.0079

500 −0.0372 0.4026 0.0043 0.0384 0.0140 0.0182 0.0197 0.0052

0.6
100 −0.1549 0.7261 0.0238 0.0697 0.0881 0.0935 0.4538 1.7736

300 −0.1042 0.4144 −0.0115 0.0166 0.0341 0.0153 0.2398 0.4800

500 −0.1024 0.3181 −0.0024 0.0094 0.0252 0.0084 0.1937 0.3083

1.6
100 0.1295 0.9250 0.0052 0.0403 0.0344 0.0672 0.5266 5.9609

300 0.1112 0.4402 −0.0037 0.0116 0.0034 0.0118 0.1398 1.1070

500 0.0976 0.3054 −0.0030 0.0070 −0.0016 0.0068 0.0636 0.6470

2
100 0.1489 0.9414 0.0028 0.0370 0.0250 0.0517 0.5094 5.6192

300 0.0973 0.3994 0.0010 0.0114 0.0029 0.0113 0.1263 1.3368

500 0.0714 0.2494 −0.0001 0.0067 0.0000 0.0067 0.0568 0.7612

2.6
100 0.1402 1.0212 0.0121 0.0385 0.0303 0.0696 0.5908 10.8049

300 0.0662 0.3600 0.0045 0.0111 0.0050 0.0114 0.1548 1.8739

500 0.0463 0.2047 0.0021 0.0065 0.0019 0.0064 0.0704 1.0302
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Table 6. Part II. Biases and MSEs of the estimates obtained by the OLS method. Samples of size n
were drawn from the EESL(0, 1, a, b).

µ = 0, σ = 1

µ σ a b

a b n Bias MSE Bias MSE Bias MSE Bias MSE

1

0.1
100 −0.2725 1.3547 0.0600 0.1807 0.7276 4.5560 0.0538 0.0422

300 −0.1094 0.4868 0.0428 0.0863 0.3046 1.2729 0.0191 0.0090

500 −0.0604 0.2749 0.0332 0.0555 0.1875 0.6090 0.0116 0.0050

0.6
100 −0.3726 1.4312 0.1060 0.1652 1.1257 8.1501 0.5195 2.5581

300 −0.1468 0.4898 0.0443 0.0639 0.3836 1.3927 0.2783 0.7647

500 −0.0960 0.3066 0.0353 0.0393 0.2487 0.5865 0.1877 0.3921

1.6
100 −0.2084 1.2217 0.1131 0.1608 0.9021 6.2026 0.9951 13.2313

300 −0.0369 0.4254 0.0391 0.0435 0.2766 0.8235 0.5032 3.4004

500 −0.0088 0.2928 0.0245 0.0223 0.1644 0.3166 0.3527 2.0265

2
100 −0.1588 1.2183 0.0963 0.1396 0.8263 6.1591 1.1793 17.4115

300 0.0327 0.4358 0.0337 0.0336 0.2291 0.6663 0.4917 4.3530

500 0.0020 0.2817 0.0224 0.0186 0.1170 0.2725 0.2764 2.2793

2.6
100 −0.0629 1.1662 0.0790 0.1105 0.6499 4.7074 1.2355 23.5949

300 0.0375 0.4314 0.0252 0.0266 0.1808 0.5891 0.5080 5.5876

500 0.0246 0.2761 0.0171 0.0144 0.0965 0.2740 0.2772 2.9148

Table 7. Part III. Biases and MSEs of the estimates obtained by the OLS method. Samples of size n
were drawn from the EESL(0, 1, a, b).

µ = 0, σ = 1

µ σ a b

a b n Bias MSE Bias MSE Bias MSE Bias MSE

1.5

0.1
100 −0.1966 0.9672 0.0480 0.1436 0.5257 2.9065 0.0334 0.0226

300 −0.1075 0.4509 0.0370 0.0787 0.2834 1.1860 0.0161 0.0082

500 −0.0615 0.2568 0.0260 0.0501 0.1697 0.5976 0.0096 0.0039

0.6
100 −0.2576 0.9232 0.0829 0.1331 0.7690 4.8947 0.1997 0.7302

300 −0.1386 0.3984 0.0380 0.0571 0.3314 1.2350 0.1875 0.4445

500 −0.0898 0.2545 0.0254 0.0349 0.2074 0.5235 0.1518 0.3037

1.6
100 −0.1744 0.6680 0.0847 0.1283 0.5721 3.4095 0.4238 4.3693

300 −0.0472 0.3101 0.0313 0.0394 0.2207 0.6345 0.3582 2.1816

500 −0.0229 0.2392 0.0214 0.0221 0.1490 0.2982 0.3081 1.6423

2
100 −0.1349 0.6561 0.0770 0.1161 0.5010 2.8603 0.4579 7.0258

300 −0.0287 0.3301 0.0312 0.0325 0.2058 0.6338 0.3818 2.9821

500 0.0060 0.2349 0.0187 0.0179 0.1155 0.2588 0.2717 1.9422

2.6
100 −0.1182 0.7106 0.0736 0.1032 0.4768 3.1185 0.4849 8.1340

300 0.0054 0.3321 0.0232 0.0254 0.1532 0.5003 0.3900 4.1909

500 0.0200 0.2414 0.0138 0.0142 0.0963 0.3083 0.3002 2.8636
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Table 8. Part I. Biases and MSEs of the estimates obtained by the LAW method. Samples of size n
were drawn from the EESL(0, 1, a, b).

µ = 0, σ = 1

µ σ a b

a b n Bias MSE Bias MSE Bias MSE Bias MSE

0.5

0.1
100 −0.1008 0.5103 0.0977 0.2607 0.1255 0.2639 0.0147 0.0063

300 −0.0239 0.2984 0.0197 0.0695 0.0287 0.0387 0.0119 0.0038

500 −0.0150 0.2693 0.0114 0.0389 0.0172 0.0187 0.0117 0.0034

0.6
100 −0.0628 0.2424 0.0425 0.0732 0.0653 0.0943 0.1670 0.4214

300 −0.0513 0.1956 0.0053 0.0165 0.0217 0.0118 0.1411 0.2503

500 −0.0428 0.1837 0.0011 0.0096 0.0183 0.0071 0.1241 0.2021

1.6
100 0.0942 0.5807 0.0150 0.0417 0.0362 0.0528 0.3793 3.2770

300 0.0899 0.3740 −0.0110 0.0121 0.0037 0.0112 0.1373 0.9838

500 0.0204 0.2779 −0.0019 0.0073 −0.0007 0.0068 0.0587 0.6219

2
100 0.0776 0.6572 0.0140 0.0395 0.0340 0.0558 0.4262 4.9447

300 0.0582 0.3512 0.0007 0.0118 0.0035 0.0109 0.1424 1.2874

500 0.0448 0.2362 0.0000 0.0069 0.0002 0.0065 0.0722 0.7609

2.6
100 0.0577 0.7401 0.0191 0.0406 0.0347 0.0539 0.4672 6.7276

300 0.0448 0.3338 0.0033 0.0115 0.0058 0.0117 0.1748 1.8682

500 0.0330 0.1921 0.0030 0.0071 0.0037 0.0067 0.0969 1.0069

Table 9. Part II. Biases and MSEs of the estimates obtained by the LAW method. Samples of size n
were drawn from the EESL(0, 1, a, b).

µ = 0, σ = 1

µ σ a b

a b n Bias MSE Bias MSE Bias MSE Bias MSE

µ = 1, σ = 2

1

0.1
100 −0.1607 0.7517 0.0939 0.2385 0.3698 1.5054 0.0153 0.0121

300 −0.0222 0.2609 0.0537 0.1041 0.1495 0.4149 0.0040 0.0037

500 0.0132 0.1615 0.0399 0.0639 0.0957 0.1961 0.0010 0.0022

0.6
100 −0.1516 0.5830 0.0929 0.1439 0.3732 1.5914 0.1385 0.8579

300 −0.0498 0.2630 0.0328 0.0407 0.1267 0.2126 0.1364 0.3854

500 −0.0268 0.2184 0.0194 0.0225 0.0795 0.0843 0.1263 0.2892

1.6
100 −0.0884 0.5147 0.0520 0.0824 0.2287 0.7336 0.4353 4.3764

300 0.0551 0.3338 0.0158 0.0212 0.0754 0.1195 0.2850 1.7304

500 0.0209 0.2638 0.0097 0.0125 0.0416 0.0625 0.1903 1.1775

2
100 −0.0762 0.5627 0.0432 0.0693 0.2021 1.0145 0.4724 6.0380

300 0.0582 0.3297 0.0126 0.0182 0.0516 0.1078 0.2394 2.0766

500 0.0411 0.2412 0.0101 0.0110 0.0247 0.0550 0.1306 1.3031

2.6
100 −0.0546 0.6460 0.0368 0.0620 0.1929 0.8965 0.6243 19.9554

300 0.0439 0.3165 0.0115 0.0160 0.0487 0.1128 0.2760 2.9147

500 0.0342 0.2075 0.0091 0.0097 0.0243 0.0578 0.1398 1.6197
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Table 10. Part III. Biases and MSEs of the estimates obtained by the LAW method. Samples of size n
were drawn from the EESL(0, 1, a, b).

µ = 0, σ = 1

µ σ a b

a b n Bias MSE Bias MSE Bias MSE Bias MSE

1.5

0.1
100 −0.1991 0.9680 0.0497 0.1478 0.5422 3.0097 0.0329 0.0252

300 −0.0919 0.4192 0.0308 0.0745 0.2521 1.0388 0.0143 0.0080

500 −0.0672 0.2574 0.0283 0.0521 0.1788 0.6009 0.0104 0.0043

0.6
100 −0.2595 0.9195 0.0847 0.1340 0.7636 4.8650 0.1964 0.8507

300 −0.1385 0.4084 0.0419 0.0602 0.3454 1.2947 0.1861 0.4620

500 −0.0833 0.2624 0.0268 0.0351 0.2098 0.5563 0.1463 0.3073

1.6
100 −0.1611 0.6622 0.0842 0.1281 0.5623 3.5822 0.3798 3.7981

300 −0.0468 0.3146 0.0342 0.0394 0.2254 0.6307 0.3578 2.2106

500 −0.0178 0.2387 0.0180 0.0217 0.1403 0.2819 0.3082 1.6398

2
100 −0.1364 0.6858 0.0736 0.1137 0.5098 3.2528 0.4606 9.0269

300 −0.0232 0.3117 0.0263 0.0299 0.1819 0.5320 0.3863 2.8733

500 0.0076 0.2442 0.0188 0.0177 0.1172 0.2621 0.2750 1.9340

2.6
100 −0.1745 0.7143 0.0678 0.0979 0.4708 3.5128 0.5340 10.0253

300 0.0970 0.3360 0.0212 0.0245 0.1524 0.5077 0.3880 4.2500

500 0.0179 0.2356 0.0155 0.0146 0.0945 0.2591 0.2802 2.8017

7. Applications
This section examines the flexibility as well as the applicability of the proposed

distribution in comparison to other rival models under consideration, such as the Logistic
(L), Extended L (EL) [18], Type-I Generalized L (IGL), Type-II GL (IIGL), Type-III GL
(IIIGL) [31], Skew L (SL) [32], Alpha Skew L (ASL) [2], Alpha beta skew L (ABSL) [4],
Modified SL (MSL) [33] and Exponentiated Exponential L (EEL) [34,35]. The PDFs of the
models under consideration are presented in the Appendix B.

The EESL model was compared to the above models using visual techniques (see
Figure 6) and numerical measures. The Akaike (AIC), Bayes (BIC), Hannan–Quinn (HQIC)
information criteria (IC) and Kolmogorov–Smirnov statistics (KS) were calculated for the
ML method, while KS and objective functions (see Equations (13) and (14)) were calculated
for the OLS and LAW methods. Recall that the AIC, BIC and HQIC are defined as

AIC = −2l + 2p, BIC = −2l + p ln(n), HQIC = −2l + 2p ln(ln(n)),

where l is the log-likelihood function, n is the sample size and p is the number of model
parameters.

All calculations were performed in the R program in two ways. The first way used
the fitdistr and optim functions, and the second one used the GenSA function. To avoid
local maxima (ML) and minima (OLS, LAW), the optimization procedure was performed
102 times with random values of the initial parameters, which were widely scattered in the
parameter space. Because we used two methods to obtain parameter estimates, the final
parameter estimates were the better maximizing (see Equation (11)) or minimizing (see
Equations (13) and (14)) values.
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7.1. Environmental Performance Index Dataset

In this application, the Environmental Performance Index (EPI) dataset with n = 163
observations which was analyzed previously by [36]. The summary of the data is presented
in Table 11.

Table 11. Summary of EPI dataset.

Min. 1st Qu. Median Mean 3rd Qu. Max. SD Skewness Kurtosis

32.10 48.60 59.20 58.37 67.60 93.50 12.41 0.098 2.541

ML estimates (MLE), log-likelihood function (l), IC and KS values are given in Table 12.
OLS estimates (OLSE), KS and objective function (13) values are given in Table 13. LAW
estimates (LAWE), KS and objective function (14) values are given in Table 14. Better values
are marked in bold. From Tables 12–14, it can be observed that the new distribution is
more appropriate and better-fitted among other competitors in terms of used numerical
measures. KS values are the lowest for the OLS method (except the ASL and MSL models).
The adaptability of the EESL(µ, σ, a, b)’s PDF can also be observed in Figure 6.

Table 12. MLE, l, AIC, BIC, HQIC and KS values of models (M) fitted to 163 EPI observations.

M µ σ α β γ a b l AIC BIC HQIC KS

L 58.411 7.254 −645.165 1294.330 1300.518 1296.842 0.075
EL 55.216 7.254 0.644 −645.165 1296.330 1305.611 1300.098 0.075
IGL 53.902 8.154 1.457 −644.913 1295.827 1305.108 1299.595 0.068
IIGL 61.959 7.946 1.357 −644.813 1295.626 1304.908 1299.395 0.078
IIIGL 58.369 138.298 250.204 −641.297 1288.594 1297.875 1292.362 0.063
SL 63.482 7.765 −0.508 −644.652 1295.305 1304.586 1299.073 0.078
ASL 59.185 7.242 0.034 −645.150 1296.299 1305.581 1300.067 0.076
ABSL 57.669 2.056 −0.457 −0.053 −642.589 1293.178 1305.553 1298.202 0.100
MSL 57.269 7.290 21.912 −0.226 −644.532 1297.064 1309.439 1302.088 0.081
EEL 195.493 37.673 22.835 136.515 −641.348 1290.693 1303.068 1295.717 0.063
EESL 46.064 5.616 1.927 15.681 −636.338 1280.676 1293.051 1285.700 0.049

Table 13. OLSE, OLS and KS values of models (M) fitted to 163 EPI observations.

M µ σ α β γ a b OLS KS

L 58.504 8.089 0.095 0.057
EL 67.608 8.089 3.082 0.095 0.057
IGL 63.747 6.626 0.617 0.080 0.061
IIGL 70.337 9.864 2.525 0.069 0.059
IIIGL 58.450 156.232 271.343 0.075 0.051
SL 67.432 9.572 −1.030 0.070 0.059
ASL 63.938 7.700 0.254 0.079 0.060
ABSL 56.750 1.823 0.119 −0.061 0.058 0.056
MSL 67.907 9.558 −1.000 −1.027 0.072 0.065
EEL 179.376 20.653 3.084 549.722 0.059 0.056
EESL 51.163 5.320 1.116 8.129 0.020 0.035
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Table 14. LAWE, LAW and KS values of models (M) fitted to 163 EPI observations.

M µ σ α β γ a b LAW KS

L 58.675 8.242 3.369 0.058
EL 56.650 8.242 0.782 3.369 0.058
IGL 66.894 5.632 0.436 2.652 0.076
IIGL 78.637 10.676 4.635 2.434 0.067
IIIGL 58.596 167.028 302.149 2.983 0.052
SL 66.919 9.347 −0.906 2.693 0.062
ASL 61.052 8.169 0.101 3.131 0.058
ABSL 56.785 1.864 0.059 −0.057 2.359 0.068
MSL 57.090 8.405 21.688 −0.229 3.042 0.058
EEL 172.667 16.071 1.782 1328.193 2.374 0.063
EESL 51.265 5.380 1.125 7.719 1.449 0.037

(a) (b)

Figure 6. Observed frequencies and fitted densities (see the 11 models of Table 14) for EPI dataset. (a)
L, EL, IGL, IIGL, IIIGL and EESL models. (b) SL, ASL, ABSL, MSL, EEL and EESL models.

7.2. Measurements of Gauge Length Dataset

The second application considers the measurements of the gauge length dataset
reported by [37], previously. The summary of the data is presented in Table 15.

Table 15. Descriptive statistics.

Min. 1st Qu. Median Mean 3rd Qu. Max. SD Skewness Kurtosis

0.396 2.554 2.996 3.028 3.421 5.020 0.701 −0.300 5.347

MLE, l, IC and KS values are given in Table 16. OLSE, KS and objective function (13)
values are given in Table 17. LAWE, KS and objective function (14) values are given in
Table 18. Better values are marked in bold. From Tables 16–18, it can be observed that
the new distribution is more appropriate and better-fitted among the other competitors in
terms of used numerical measures. KS values are the lowest for the OLS method (except
the L, EL and IIIGL models). The adaptability of the EESL(µ, σ, a, b)’s PDF can also be
observed in Figure 7.
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Table 16. MLE, l, AIC, BIC, HQIC and KS values of models (M) fitted to measurements of
gauge lengths.

M µ σ α β γ a b l AIC BIC HQIC KS

L 3.024 0.352 −59.329 122.659 126.945 124.345 0.094

EL 2.906 0.352 0.715 −59.330 124.659 131.089 127.188 0.095

IGL 1.023 0.504 32.817 −56.509 119.018 125.447 121.546 0.088

IIGL 2.538 0.200 0.330 −57.957 121.913 128.343 124.442 0.108

IIIGL 3.048 0.931 5.052 −58.797 123.595 130.024 126.124 0.097

SL 2.328 0.550 3.713 −56.794 119.589 126.018 122.117 0.990

ASL 2.812 0.338 −0.209 −58.572 123.143 129.572 125.672 0.090

ABSL 3.303 0.113 −0.133 0.047 −58.014 124.029 132.601 127.400 0.131

MSL 2.333 0.547 −3.776 130.109 −57.014 122.029 130.601 125.400 0.101

EEL 1.055 1.184 108.219 2.804 −56.429 120.858 129.431 124.230 0.083

EESL 2.148 0.308 5.027 28.794 −55.018 118.036 126.608 121.407 0.061

Table 17. OLS estimates and OLS and KS values of models (M) fitted to measurements of
gauge lengths.

M µ σ α β γ a b OLS KS

L 3.019 0.391 0.059 0.079

EL 3.031 0.391 1.032 0.059 0.079

IGL 1.957 0.525 5.258 0.046 0.064

IIGL 2.735 0.317 0.584 0.053 0.069

IIIGL 3.019 2.351 26.865 0.053 0.072

SL 2.502 0.502 1.369 0.048 0.066

ASL 2.772 0.379 −0.232 0.054 0.070

ABSL 2.791 0.377 −0.205 −0.001 0.054 0.070

MSL 2.521 0.494 −1.298 221.382 0.048 0.066

EEL 2.879 2.064 117.483 7.117 0.043 0.063

EESL 1.708 0.310 17.182 107.446 0.021 0.050

Table 18. LAW estimates and LAW and KS values of models (M) fitted to measurements of
gauge lengths.

M µ σ α β γ a b LAW KS

L 3.016 0.388 1.498 0.078

EL 2.764 0.388 0.522 1.498 0.078

IGL 2.466 0.468 2.494 1.328 0.074

IIGL 2.808 0.328 0.666 1.418 0.076

IIIGL 3.013 2.170 23.875 1.470 0.069

SL 2.568 0.465 1.152 1.341 0.075

ASL 2.780 0.369 −0.232 1.414 0.076

ABSL 2.805 0.369 −0.200 −0.001 1.413 0.076

MSL 2.568 0.466 −1.176 193.652 1.345 0.075

EEL 3.045 1.979 100.085 7.293 1.257 0.073

EESL 1.861 0.292 12.199 86.345 0.964 0.059
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(a) (b)

Figure 7. Observed frequencies and fitted densities (see the 10 models of Table 18) for measurements
of gauge lengths. (a) L, EL, IGL, IIGL, IIIGL and EESL models. (b) EESL, ASL, ABSL, SL, and
L models.

8. Risk Analysis for Financial Claims

8.1. The VaR
[
q; â, b̂

]
Indicator

The VaR
[
q; â, b̂

]
at a confidence level q for the EESL model is determined by identifying

the quantile where the CDF of the EESL distribution equals q. This requires finding the
threshold value below which the worst (1 − q)× 100% of losses are anticipated, utilizing
the CDF formulation of the EESL model. This metric is essential for comprehending and
mitigating extreme risk exposures in financial scenarios. The VaR

[
q; â, b̂

]
at the confidence

level q is defined by the quantile function, such that

F
(

xVaR[q;â,b̂]; a, b
)
= q, (15)

which corresponds to the solution of Equation (7). This indicator estimates the maximum
potential loss at the specified confidence level, relying on the assumptions and parameters
of the selected distribution model. It is important to validate the model’s suitability and
precision through historical data analysis and sensitivity assessments.

8.2. The TVaR
[
q; â, b̂

]
Indicator

By definition, the TVR
[
q; â, b̂

]
of random variable X is given by

TVaR=TVaR
[
q; â, b̂

]
=

I
(

VaR
[
q; â, b̂

]
; ∞|q

)
1 − VaR

[
q; â, b̂

] , (16)

where
I
(

VaR
[
q; â, b̂

]
; ∞|q

)
=
∫ ∞

VaR[q;â,b̂]
x f (x; a, b)dx. (17)

The integral in (17) can be dealt with using numerical methods to obtain suitable
approximate solutions in light of the difficulty of obtaining a closed form. For more
applications, see [12].

8.3. MOO[P ↑] Analysis

The MOO[P ↑] analysis is a powerful statistical technique used in finance and risk
assessment to study the central tendencies and key features of a dataset by evaluating
its moments. This method involves raising each data point to the power of P (where P
is a positive integer) and calculating the mean of these transformed values. Originally
formalized by [38], the approach provides insights into different facets of the dataset’s
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distribution. The choice of P, often referred to as MOO[P ↑], plays a crucial role in
determining which moments are being focused on, whether this is the mean, variance,
skewness, or higher moments. The selection of P influences how different characteristics of
the data are captured, such as tail behavior or extreme values, which can be critical in risk
evaluation. As highlighted in the works of [39], varying P allows for a more comprehensive
analysis, often applied to multiple values of P (e.g., P ∈ I+ = 1, 2, 3, . . ..) to assess the
impact of different moments on the dataset. This multi-order analysis is especially useful
in finance, where understanding both central trends and extreme risks is vital for making
informed decisions.

8.4. The PORT-VaR
[
q; â, b̂

]
Indicator

PORT-VaR is a method used in financial risk analysis, particularly in the context of
measuring extreme risks and tail events. It builds upon the concept of Value-at-Risk (VaR),
which quantifies the potential loss in value of a portfolio over a defined period for a given
confidence interval. The steps to calculate PORT-VaR are as follows:

1. Gather historical return data for the asset or portfolio being analyzed.
2. Select an appropriate threshold level above which you will analyze exceedances. This

could be based on historical percentiles or a predefined value.
3. Filter the return data to identify only those returns that exceed the selected threshold.
4. Fit an appropriate distribution to the exceedances. Common choices include gener-

alized Pareto distribution (GPD) or other heavy-tailed distributions. A heavy-tailed
distribution is a probability distribution whose tails decay more slowly than an ex-
ponential distribution. Formally, this can be defined in several equivalent ways,
depending on the context and the specific properties of interest. One definition is
as follows.

Definition 2. If F(x) is the CDF of a random variable X and let R(x) = 1− F(x) represents
the survival function (the probability that X exceeds x). A distribution is said to have a heavy
tail if

lim
x→∞

R(x)eλx = ∞, ∀λ > 0.

This means that the tail of the distribution decays more slowly than any exponential function
as x → ∞. See [40,41] for more details.

5. Using the fitted model, estimate the VaR at the desired confidence level. This will
provide an estimate of potential losses that could occur beyond the chosen threshold.

Financial institutions can use PORT-VaR to assess the risk of large losses and imple-
ment strategies to mitigate those risks. It can assist in meeting regulatory requirements for
capital reserves against extreme loss scenarios; see [16,42] for more details.

9. RAROC Analysis
According to [43], RAROC is a financial performance metric that assesses returns on a

risk-adjusted basis. It measures how much return an investment yields in relation to the
risk involved, with risk typically quantified using VaR. The formula for RAROC is

RAROC =
E(R, L)|q

VaR
[
q; â, b̂

] , (18)

E(R, L)|q = E(R)|q − E(L)|q,
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where E(R)|q is the the expected return and E(L)|q is the expected loss. A high RAROC
indicates a strong risk–return profile, where the expected return is substantial compared
to the risk taken (low VaR). Conversely, a low RAROC suggests that the expected return
is insufficient relative to the risk, implying that the investment or portfolio may not offer
adequate compensation for the risk involved.

10. MOO[P ↑] Analysis for Financial Claims
Table 19 presents the MOO[P ↑] analysis under the P parameters ranging from 1 to

5, with several metrics such as true mean value (TMV), MOO[P ↑], mean squared error
(MSE), and bias. Each of these metrics plays a significant role in evaluating the financial
claims dataset, particularly in managing risk, optimizing decision-making, and improving
financial predictions. The values of P (1 to 5) represent different levels of optimization for
the objective function used in the analysis. As P increases, the focus shifts from a simpler
risk assessment towards more complex and comprehensive risk evaluation.

The value TMV = 2702.571 represents the true mean of the distribution, emphasizing
the central tendency of financial claims. It serves as a baseline against which other metrics,
like MOO[P ↑], can be compared. MOO[P ↑] values (340, 463.5, 518.6667, 628, 714.2)
provide insight into how the mean value changes as the order P increases. These values
represent averages that incorporate progressively higher orders of risk assessment. The
increasing trend suggests higher mean values at higher P, signaling a potential rise in the
magnitude of financial claims under extreme conditions. MSE values (5581744, 5013441,
4769440, 4303847, 3953621) indicate the precision of the model’s predictions. A lower MSE
implies better predictive accuracy. The decreasing MSE across P shows that increasing
the order P improves the model’s accuracy in forecasting financial claims, likely through
better handling of complex interactions and risk factors. Bias values (2362.571, 2239.071,
2183.905, 2074.571, 1988.371) represent the difference between the predicted and actual
claim values. A decreasing bias across increasing P suggests that higher-order models
provide more accurate predictions, reducing systematic error in risk estimation. Moreover,
Figures 8 and 9 visually corroborate the numerical results detailed in Tables 19.

The increasing MOO[P ↑] values suggest that as P rises, the model becomes more
sensitive to extreme financial claims. Financial institutions should pay attention to this
trend and ensure that higher tail risks are adequately accounted for when making risk
management decisions. The consistent improvement in MSE and bias with higher P
demonstrates that models capturing more information about tail events perform better.
Financial institutions should adopt higher-order models for more accurate predictions of
claims, particularly in risk-prone sectors or periods of financial instability. Insurance or
risk-based pricing should be adjusted to reflect the insights provided by higher P models.
Given the growing MOO[P ↑] values, financial institutions may need to raise premiums or
fees to account for the heightened risk of extreme claims. The reduction in bias across higher
P values shows that more complex models result in more reliable predictions. Institutions
should focus on using higher-order risk models to minimize prediction errors and ensure
that extreme risks are not underestimated.

Table 19. MOO[P ↑] assessment under P = 1, 2, . . . , 5 for the financial claims.

P ↑ 1, 2, 3, 4, 5

TMV 2702.571
MOO[P ↑] 340, 463.5, 518.6667, 628, 714.2
MSE 5581744, 5013441, 4769440, 4303847, 3953621
Bias 2362.571, 2239.071, 2183.905, 2074.571, 1988.371
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Figure 8. Histogram, boxplot, MOOP, MSE and bias for the active repair times of Boston house
price data.

1 2 3 4 5

Mean of Order P

P

M
O

O
P

0
2

0
0

4
0

0
6

0
0

340

463.5

518.667

628

714.2

1 2 3 4 5

MSE

P

M
S

E

0
e

+
0

0
1

e
+

0
6

2
e

+
0

6
3

e
+

0
6

4
e

+
0

6
5

e
+

0
6

6
e

+
0

6

5581744

5013441

4769440

4303847

3953621

1 2 3 4 5

Bias

P

B
ia

s

0
5

0
0

1
0

0
0

1
5

0
0

2
0

0
0

2
5

0
0

2362.571

2239.071

2183.905

2074.571

1988.371

Figure 9. Barplots of MOOP, MSE and bias for the active repair times of Boston house price data.



Math. Comput. Appl. 2025, 30, 62 24 of 30

11. PORT-VaR
[
q; â, b̂

]
Estimator for Financial Claims

Table 19 presents various risk measures for financial claims under CLs, with a focus on
VaR, TVaR and PORT-VaR. The analysis evaluates the tail risk exposure and the number of
extreme claims exceeding specified thresholds. The VaR measures the maximum potential
loss at a given confidence level (CL). As the CL increases, VaR also rises, reflecting more
extreme risk scenarios. The VaR at CL = 55% is 3080.75, meaning there is a 55% chance
that financial losses will not exceed this amount. The VaR at CL = 95% is 4908.1, implying
that in the worst 5% of cases, losses could exceed this amount. The TVaR provides the
average loss given that the VaR threshold is breached, offering a more comprehensive view
of tail risk. As expected, TVaR consistently exceeds VaR across all CLs, indicating that
when extreme losses occur, they are substantially larger than the VaR values. The TVaR at
CL = 55% is 4176.615, while the TVaR at CL = 95% is 5692.5, highlighting the increasing
magnitude of losses when risk levels rise. The "N. of PORT" column shows the number
of claims exceeding the threshold for PORT-VaR analysis. As the CL rises, the number of
extreme claims considered also increases. At CL = 55%, 15 claims are above the threshold,
and this number rises to 26 at CL = 95%. The minimum (Min.), first quartile (1st Qu.),
Median, ExV, third quartile (3rd Qu.) and maximum (Max) sections provide summary
statistics for the claims exceeding the threshold. For CL = 55%, the median claim is 3932,
while for CL = 95%, it drops to 2768, reflecting a shift in the distribution of extreme claims
as the threshold increases. The maximum claim across all CLs remains constant at 6283,
indicating that the largest claim is an extreme outlier, but still relevant for high confidence
levels. Figure 10 provides six histograms for the four CLs for extreme financial claims.
Figure 11 shows the density plot of peaks across different thresholds.
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Figure 10. PORT-VaR analysis for extreme claims.
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Figure 11. Density plot of peaks above the VaR.

As both the VaR and TVaR increase with higher CLs, this indicates that potential losses
could be substantial in adverse scenarios. Financial institutions should pay attention to
the TVaR values, especially at higher CLs, as they represent the expected losses beyond
the VaR. For instance, at CL = 95%, the TVaR is significantly higher (5692.5) than the VaR
(4908.1), signaling that extreme losses can be much worse than initially estimated by VaR.
Therefore, institutions should increase their capital reserves to cover not only the VaR but
also potential losses captured by the TVaR, particularly at higher CLs. This is crucial for
risk mitigation during periods of financial instability. The increasing number of claims
exceeding the threshold (N. of PORT) as the CL rises shows that the tail of the distribution
becomes thicker with higher confidence levels. This is supported by the summary statistics,
where the ExV (expected value) decreases with rising CL, indicating that claims in the tail
are more dispersed and less concentrated at higher levels. Then, financial institutions may
want to explore reinsurance or hedging strategies, especially for portfolios exposed to high
tail risks. The larger number of extreme claims beyond the threshold (at higher CLs) could
overwhelm reserves if not adequately protected against.

As the TVaR increases significantly with the CL, the cost of insuring against extreme
losses also rises. For example, the difference between TVaR at CL = 55% (4176.615) and
CL = 95% (5692.5) is substantial, indicating the need to account for these extreme events
when pricing risk-related products. Hence, insurance premiums and risk-based fees should
be adjusted upward as the CL increases. Higher confidence levels reveal the potential for
larger and more frequent extreme claims, which should be reflected in the cost structure
for clients. The maximum claim value remains constant at 6283 across all CLs, suggesting
that in the worst-case scenario, the institution could face this large claim regardless of the
confidence level. This persistent risk points to the need for robust strategies to handle
extreme outlier events. Therefore, institutions should conduct regular stress tests and
extreme scenario analysis based on the maximum claim (6283) to ensure that they are
prepared for catastrophic losses. Developing contingency plans for such outlier events
will enhance resilience. The detailed breakdown of claims beyond the threshold (e.g.,
median, quartiles) provides valuable insights for risk reporting. Investors and regulators
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are increasingly concerned about transparency in how institutions manage extreme risk
exposures. Then, institutions should use these results to communicate their risk exposure
clearly to stakeholders. The use of advanced metrics like TVaR and PORT-VaR can demon-
strate a more proactive approach to risk management, boosting investor confidence and
regulatory compliance.

12. RAROC Results for the Financial Claims
RAROC is a crucial financial metric that evaluates the performance of financial claims

relative to the risk taken. By defining RAROC as outlined in (18), we gain important
insights into the risk–return profile of these claims. Values greater than 1 indicate that the
expected value of returns surpasses the associated risk (as measured by VaR

[
q; â, b̂

]
). For

instance, at a 55% confidence level, a RAROC of 1.27 suggests that for every unit of risk
taken, the expected return is 1.27 units. This indicates a well-compensated financial claim,
appealing to risk-averse stakeholders.

High RAROC values may encourage firms to allocate more resources to these claims,
enhancing overall profitability while maintaining acceptable risk levels. Ratios near 1, such
as at the 65% confidence level (RAROC = 1.00), means a balance where expected returns
align with the risks undertaken. This could indicate a stable environment for financial
claims, though it might also imply limited growth opportunities. Investors should assess
whether this risk–return balance aligns with their objectives.

Ratios below 1, especially at higher confidence levels (e.g., 95% with RAROC = 0.59),
suggest that expected returns do not sufficiently compensate for the risks involved. This
serves as a warning for investors, indicating that capital might be better deployed else-
where or that the financial claim needs reevaluation for potential downsides. A declining
trend in RAROC ratios (e.g., from 1.27 at 55% to 0.59 at 95%) underscores increasing risk
without corresponding returns, necessitating a robust risk management strategy to mitigate
potential losses.

Financial firms should prioritize financial claims with higher RAROC, reflecting better
risk-adjusted returns. This approach optimizes capital allocation and improves overall
performance. Regular assessment of RAROC enables proactive management of risks asso-
ciated with financial claims, allowing for strategic adjustments based on evolving market
conditions. Understanding RAROC can also support compliance with regulatory require-
ments by ensuring that capital reserves are adequate to cover potential risks, ultimately
bolstering financial stability. High RAROC can enhance a firm’s reputation among investors,
potentially leading to better access to capital and more favorable financing terms. Using
RAROC as a framework for assessing the risk–return dynamics of financial claims provides
a comprehensive view of performance. High ratios indicate strong performance and justify
capital allocation, while lower ratios necessitate reevaluation of strategies. As market
conditions change, continuous monitoring of these metrics is essential for maintaining
financial performance and effectively managing risk.

Figure 12 presents heat maps that illustrate the RAROC analysis for extreme financial
claims. These visualizations provide a detailed overview of the relationship between
various confidence levels and key financial metrics, including VaR

[
q; â, b̂

]
, E(R, L)|q and

RAROC itself. The heat maps enable a quick assessment of how RAROC varies across
different scenarios, highlighting areas of higher risk and potential return. This analysis is
crucial for understanding the risk-adjusted performance of financial assets under extreme
conditions, assisting in better decision-making and risk management strategies.
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Figure 12. Heat maps for the RAROC analysis of extreme financial claims about (a) the relation-

ship between various confidence levels and key financial metrics, (b) VaR
[
q; â, b̂

]
, E(R, L)|q and

RAROC itself.

13. Conclusions
This article introduced a new extension of the exponentiated standard logistic distri-

bution, expanding on the traditional model with enhanced flexibility to better capture the
behavior of complex datasets. Some important statistical properties of this novel family of
distributions are thoroughly discussed, accompanied by graphical presentations to visually
demonstrate its characteristics. Furthermore, the paper provides a detailed characterization
of the new distribution based on the relationship between two truncated moments, offering
insights into its theoretical underpinnings. A comprehensive simulation study is also
performed to examine the behavior of the estimated parameters, employing maximum
likelihood (ML), ordinary least squares (OLS), and least absolute weights (LAW) methods,
providing a comparison of their efficiency and robustness. In addition, the adaptability and
flexibility of the proposed model are validated through two real-life applications, showing
its potential for broad practical relevance in various fields. Moreover, the article highlights
the importance of selecting the appropriate distribution for accurately modeling financial
data, as it significantly influences risk assessment and decision-making processes. By
extending the exponentiated standard logistic distribution, the proposed model allows for
a better fit to empirical data, particularly in the presence of outliers and heavy tails often
observed in financial claims. The comprehensive exploration of the statistical properties,
including moments and asymptotic behavior, facilitates a deeper understanding of the
underlying mechanisms driving the distribution’s behavior.

Furthermore, a thorough financial risk assessment is conducted using several actuarial
risk measures, such as Peaks Over Random Threshold Value-at-Risk (PORT-VaR), Value-
at-Risk (VaR), Tail Value-at-Risk (TVaR), the risk-adjusted return on capital (RAROC) and
the Mean of Order P (MOO[P ↑]). These risk indicators are critical in understanding
and quantifying potential extreme losses, especially under uncertain market conditions.
The PORT-VaR method introduces a novel approach by incorporating randomness in
threshold selection, improving the precision of risk estimation. VaR and TVaR provide a



Math. Comput. Appl. 2025, 30, 62 28 of 30

range of insights into financial losses, with TVaR offering a more comprehensive view of
extreme tail risk. The incorporation of the MOO[P ↑] framework further allows for the
optimization of investment portfolios by considering multiple objectives and constraints,
thus enhancing strategic financial planning. The results derived from these risk assessments
offer valuable guidance for investors and stakeholders in managing potential exposures
and making informed decisions in turbulent market environments. Lastly, the findings
of this study contribute to the broader field of financial risk management, providing a
robust framework for evaluating financial risk and guiding decision-making processes
in uncertain environments, and underscoring the need for continuous adaptation of risk
models to capture the evolving dynamics of financial markets effectively.
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Appendix A
R codes for PDF, CDF, quantile, mode, kth order moment, skewness, excess kurtosis,

PDFs of order statistics, moments of order statistics and quantile function are available at
https://github.com/PiotrSule/NEELS.

Appendix B
Let µ, α, β ∈ R; σ, a, b > 0; γ ≥ −1. The PDFs of the models used in Section 7 are:

fL(x; µ, σ) =
exp
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− x−µ

σ

)
σ
[
1 + exp

(
− x−µ

σ

)]2 , fEL(x; µ, σ, α) =
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σ

)
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(
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σ

)]2 ,
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(
− x−µ

σ

)
σ
[
1 + exp

(
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2exp

(
− x−µ

σ

)
σ
[
1 + exp
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)][
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fASL(x; µ, σ, α) =
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